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Principles of forecasting

The main goal of building a model for the univariate time series is
predicting the future path of economic variables. Even though they do
not provide any economic insight, ARMA models perform quite well in
this respect.
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Principles of forecasting

Remark

The main goal of building a model for the univariate time series is
predicting the future path of economic variables. Even though they do
not provide any economic insight, ARMA models perform quite well in
this respect.

Definition

The theory of optimal prediction defines “prediction” as the estimate
of a particular value of a random variable on the basis of a
predetermined information set, /;, at time t. In the case of univariate
time series I; is given by:

/t = {Y[, Y[,1,...7 Yo, Y,1,...}.
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Optimal Predictor

* Define \A/,Jrh as the h-step ahead predictor of the series:

Vt+h = g(h).
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Optimal Predictor

* Define \A/,Jrh as the h-step ahead predictor of the series:
Yien = g(h).
* The prediction error is given by:

eh = Yeen — Yern = Yeon — (k).

* The objective now is to choose the function g(.). The general strategy
is to choose g(.) by minimizing some given loss function, which is
usually linked to the prediction error.
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Optimal Predictor

The most common measures of prediction accuracy are:
* Mean square error (MSE):

T
1
MSE = ? t_z1 e?_,'_h;

» Square root MSE (RMSE):
1 T
RMSE = || = > ety
t=1
* Mean absolute error (MAE):

.
’
MAE = — ; et1n-
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Optimal Predictor

Remark (Optimal Predictor based on MSE)

In practice we solve the following problem:

9() = arg;’nin E(€2.)) = arg;nin E [( Yirn — Q(/t))z} } (1)

We can show that the solution of the problem in (1), which corresponds
to the optimal predictor, which minimize the mean square criterion, is
given by the conditional expectation of Y;,, conditional to the informa-
tion set I;:

Vien = E(Yernlh). (2)
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ARMA models
+ Consider the following ARMA(p,q) model:
P(L)Yr = 0(L)er
where

S(L)=1—¢sL— ... — gpLP
O(L) =1+ 61L+ ... + 049

* Then the h-step ahead predictor of the ARMA(p,q) model is given by

Vien = E(Yeenlh) = $1E(Yigntll) + ... + SpE(Vesn—plh)
+E(€t+h|/1‘) + ..+ 9qE(€[+h,q|l{).

where:

Yevjs i <0 er+j, If J<0
E(Yijlh) = and E(eiilly) =
(Vi) {%ﬂ-, ifj >0 (ctlh) =10 "%~ 0
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ARMA models

Remark

* In practice we replace the unknown parameters ¢;, 6;, and o2 by their
estimate from the realization { y,}f: 1. For T sufficiently large, using the
estimates ¢;, 0j, and 4, instead of the true parameters, produces a

good approximation.
* Remember that the prediction error can be found as

€t+h = Yt+h — Yt+h

which is a random variable. For unbiased predictors (E(ei.n) = 0),
it is useful to look at the variance Var(e;.n), which is a measure of
prediction accuracy.
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Forecasting with AR models

+ Consider the following simple AR(1) model:
Yi=¢o+ 1Yt +er

* We can show that the optimal prediction is given by the following
function:
Jern=do(1 + 61+ &5 + ..+ &) + 6y (3)

» The prediction error which corresponds to the prediction in (3) is
given by:

2 h—1
€tih = €trh+ Pretrh1 + Q€th—2 + ... + Py €ttt
* |ts variance is:

Var(erin) = o*(1+ &% + 6 + ..+ 63" Y),
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Forecasting with AR models

Consequently, when h — co, we have:

oy b0
Yeen — o E(Y)

Which means that when the horizon h is equal to infinity the optimal
prediction is given by the unconditional mean. The corresponding va-

riance of the optimal prediction is:
L,
h—oo 1 — (Zf

Var(etin) = Var(Y:).
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Forecasting with AR models

Example
Consider the following AR(1) model for annual GDP growth

GDP; = 0.53 + 0.76 GDP;_1 + ¢, t = 1900, .., 2007

Assume that the level of GDP growth in 2007 is GDPagp7 = 1.341%.
We can use the AR(1) model of annual GDP to predict GDPxqgs,
GDPgoog,
GDPaoos = E(GDPaoos | boo7) = 0.53 + 0.76 GDPago7 = 1.549%
Similarly, the level of GDP in 2009 will be:
(?D\Pgoog = E(y2009 ‘ 12007) =0.53 + 0.76 (?b\Pgoog = 1707%

The variances of the errors forecast for these two predictions are:

Var(ezg0s) = 1.06 and Var(exoe) = Var(ez009+0.76€2008) = 1.06(1+0.762)
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Forecasting with MA models

+ Consider the simple MA(1) model:
Y =00+ ¢t + O1€-1.

» We can show that the optimal one period ahead forecast is given by:

“ B 00+91e,forh:1;
Yerh = 0o for h > 1.
* The variance of the forecast error is:

o, forh=1;

Var(etn) = {02(1 +02), forh > 2
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Forecasting with MA models

Remark

Generally, MA(q) processes give non-trivial predictions only if h < q
and for h > q
Vien =00 = E(Yr)

and
Var(erin) = o?(1 4 65 + ... + 03) = Var(Y;).
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Forecasting with MA models

Example
Consider the following MA(1) model for given asset return:

rr=¢e —0.68¢_1, t = 1960, ...,2007
Assume that by estimating the model of asset returns we found that
€2007 = —0.223.
We can use the MA(1) model to predict raggs, 2009, ---
Ta00s = E(r2008 | f2007) = —0.68¢2007 = 0.152
Similarly, the return rate in 2009 will be:
T2009 = E(¥2009 | f2007) = E(—0.68¢€2008 + €2009 | koo7) = 0

The variances of the errors forecast are: Var(exoos) = 1.04 and
Val’(egoog) = Val’(egoog - 0.6862008) = 1.04(1 + 0.682)
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Forecasting with ARMA (1,1)

+ Consider the simple ARMA(1,1) model:
Yi=¢o+ ¢1Yr1 +et+ 016t 1.
» We can show that:
Jern = do(1+ 1+ % + ...+ 677 ") + o1y + 6] 'brer.

 Derive thisresult for h=1and h=2
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Forecasting with ARMA (1,1)

+ This means that the asymptotic behavior of the predictor is determi-
ned by the AR component:

lim EI(Yt+h) = E( Yt)
h—o0

lim Var(ein) = Var(Yi).

h— oo

» Generally, in an ARMA(p,q) process, when h > q, the prediction is
driven by the AR component of the process.
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Comparing predictive accuracy

« In the empirical application it is often the case that two or more time
series models are available for forecasting a particular variable of inte-
rest.

* Suppose two forecasting procedures are available that produce
{y1,T+h; h= 1, ceey H} and {y277'+h; h=1 yeeey H}
+ Are these forecasts equally good?

» Suppose that the criterion of the evaluation is MSE. Then the method
that produces the lowest MSE value over the same period is conside-
red superior. This is the hypothesis that has to be tested
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Comparing predictive accuracy

« Define the forecast errors as
€i7+h = Yi,T+h — Vi, T+n, fori=1,2

and let f(-) define a loss function (e.g., f(€i,74+n) = e,?’”,, or f(&i74n) =
&, 7)

» We also define the loss differential between the two forecasts by
dn = f(e1,74n) — f(€2,74n),

and say that the two forecasts have equal accuracy if and only if the
loss differential has zero expectation for all h.

| ET. | 2025/26



Comparing predictive accuracy

* The null hypothesis is formulated as
Ho : E(d;) =0fort
versus the alternative H; : E(d;) # 0.

In other words the null hypothesis checks if the two forecasts on ava-
rage have the same accuracy.
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Comparing predictive accuracy

Theorem (Diebold-Mariano Test)

If{dn; h=1, ..., H} is covariance stationary then
VH(d — 1) = N(0,” Var"),

whered = & Y1, dh, 1 = E(dy) and” Var" is based on the spectral
density at 0.

Remark

Using this theorem Diebold and Mariano suggested to use the
following test to check if two forecasting methods produce the same
forecasts
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Combination of the forecasts

» When more than one forecast is available the combination of those
forecasts has the advantage of reducing the forecast error.

» Assume that two forecasts are available. Denore them by f; and £.
Then the combined forecast (f;) can be obtained as a weighted avera-
ge of both forecasts

fo=wifi + wolfs, for wy + wo = 1.
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Combination of the forecasts

* One way to select the weights wy and ws is by looking at the past
performance of both methods and assigning the larger weight to that
methods that perform the best, for instance based on the value of the
MSE. The weight can be proportional to the inverse of the MSE, can
be calculated in the following way:

o WEE_____ MSE
wee + wes  MSEr + MSE;
and
MSE;
Wo = 1-— Wy ==

- MSE; + MSE;
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