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A Proofs and Additional Results

A.1 Proofs of the Main Results

Recall that the check function is given by pr(u) = (7 — 1{u < 0})u and that, by definition,

1O, yit, i) = pr(yie — 0(xi)) — pr(yir — Ou(@i)), La(0) = n™" 320, U0, yir, xi). Moreover, for
any 6 € O, define K(0,0;) = E(L,(0)) = E[l(0,yit, z;)], and for any 01,0, € ©, define the
2

pseudo-metric d(6,,602) = \/E (01(x;) — O2(x4))”.

main text.

Finally, ©,, is the sieve space defined in the

We first present the following lemma based on Corollary 1 of Chen and Shen (1998), and

then prove Proposition 1 below using this lemma.

Lemma 1 (Corollary 1 of Chen and Shen (1998)). Suppose that Assumption 1(i) holds and the
following conditions hold for all t < T: (i) K(0,0;) >0 for 6 € ©. (ii) K(0,0;) < d(0,0,)? for
0 € ©. (iii) supgee |1(8, yit, ;)| < oo for alli,t. (i) For all small e > 0,

sup Var(l(0, yit, xi)] S €.
0O ,:d(0,0;)<e

(v) Let Fpors = {100, yit, Ti) — (01, yit, i) - d(0,6;) < 6,60 € ©,} be a class of functions indexed
by O,,. There exists o, € (0,1) such that

bo
5n—sup{(5>0 o~ / wfnTg)dw<n1/2},



where H(w, F) is the bracketing Lo metric entropy of the space F. Then there exist constants
¢, C' > 0 such that for any v > 1 and any integer n,

P |d(6y,0;) > ven| < 4cexp(—Cne2~?)

for all t, where €, = max(d,, d(0:, ay, P, ))-

Proposition 1. Under Assumption 1, it holds that maxj<i<r d(ét,et) = Op(enr) when either
T is fized or T — 00 as n — 0.

Proof. First, under Assumption 1(iv), it can be shown that K(6,6;) =< d(6,6;)?, which im-
plies that conditions (i) and (ii) of Lemma 1 hold. Second, by Assumption 1(iii) we have
supgee [1(0, yit, i)| S supyee supy |0(x) — 0¢(x)| < oo. Thus, condition (iii) of Lemma 1 holds.
Third, by the definition of d and the properties of the check function, it is easy to see that,’

sup Var [1(0, yit, ;)] < sup E[1(6, yir, ®:))
0€0,,d(0,0:)<e 0€0,,,d(0,0;)<e

S sup B (0(m) — Ou(wi))” < &
0€0,,d(0,0,)<e
Thus, condition (iv) of Lemma 1 is also satisfied. Fourth, for the finite-dimensional linear sieve
spaces ©,, it can be shown that condition (v) of Lemma 1 is satisfied with d,, = \/k,/n (see
Section 3.3 of Chen (2007)). Finally, Assumption 1(ii) implies that d(6;, a(,¢r,) = O(k, ).
Therefore, it follows from Lemma 1 that (set v = v/InT)

T
P [mtax d(ét,et) > CEnT:| < ZP [d(ét, 0;) > CepVin T] < exp {02 InT(1- cznei)}
t=1

for any C' > 1. Therefore, the desired result follows from the above inequality since ne2 > k,. 0O

Lemma 2. If Assumption 1 and Assumption 2(i) hold, then:

(1) maxi<i<r [|ar — aor|| = Op(ent);
(i) Let V=Y — G(X)F}, then (nT)~Y2||V|| = Op(enr).

'Note that |pr(u1) — pr(u2)| < 2|u1 — uz|.



Proof. By Assumption 1 and Assumption 2(i),

d(r,0,)° = /X <ét(w)—9t(m)>2dF$(w)
_ / (0u(a) —a6t¢kn(:c)>2de(m)—i—Op(snTk;O‘)
X

= (dt — aOt)'2¢(dt — a()t) + OP(&‘nTkiga)

> cilla; — aol]® + Op(entk,®)
where ¢; > 0, and the Op(e,rk,*) term is uniform in ¢t. Then it follows from Proposition 1
that max;<i<7 [|a; — aol|? = Op(2;).

Next, note that

i( (20) — alyr, (@) +Op(i; ™)

t=1

A
|-
NE

(nT)~HV|I?

@
I
-

(@ — aot)’ b, (2))” + Op(k; 2)

I
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I
—

7 t=1

T—l
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M~

la: = aotl - Amax (25 ) + Op(hz )
1

< 11212532( Hat - aOtH Amax <2¢>> + Op(k;2a)

o+
I

where 2¢ =n 1Y | @k, (xi)dr, (x;). Since Assumption 1(iii) implies that supy ||@x, (z:)|| =
Vknp, similar to the proof of Theorem 1 in Newey (1997), one can show that Hﬁ]¢ —34] = op(1)
under Assumption 2, and therefore we have Amax(f3¢) = Op(1). This completes the proof. [

Proof of Theorem 1:

Proof. Write Y = G(X)F}, + V where V is as defined in Lemma 1. Note that

Y'Y /(nT) = FyG(X)'G(X)F,/(nT) + V'G(X)F}/(nT)
+ RG(X)V/(nT)+ V'V /(nT). (A.1)

It then follows from Assumption 2(iv), Assumption 1(i) and Lemma 1 that:

IY'Y /(nT) - FoS,F'/T||
op(1) + 2| V[|/VnT - |G(X)|/V/n - | Fo||/VT + | VI[*/(nT)
= Op(l) + Op(é‘nT).

IN



Recall that €2 is the diagonal matrix whose elements are the eigenvalues of Y'Y /(nT), and let
Q be the diagonal matrix whose elements are the eigenvalues of X, - FjFy/T. By the Wielandt-
Hoffman inequality, the above result implies that || — Q| = op(1). It then follows from

N

Assumption 2(iii) and 2(iv) that A\pin(€2) > 0 with probability approaching 1.
By the definition of F, Y'Y /(nT)F = FSQ, it then follows from (A.1) that
F=FH+V'GX)FF/nT)Q '+ FGX)VE/(nT)Q  + V'V /nT)FQ™!.  (A.2)
Thus, it follows from (A.2) and Lemma 1 that

174 F F| ||G(X F| |[V]?
VI IFll I1F] IGC )H+0P(1)_II i = Op(enr).

Vil VT VT Vn T nT

Then the first part of Theorem 1 follows.

|F — FyH||/VT < Op(1)

Next, similar to the proof of Proposition 1 in Bai (2003) it can be shown that H =
H > 0. Thus, H is invertible with probability approaching 1. Note that G’(X) = YF/T =
G(X)F)F/T + VF/T. Write Fy = FH ' + Fy — FH™!, then

G(X)=GX)H) '+ GX)(Fy— FH YYF/T +VF/T,

and thus

- -1 IGX)| 1 Fo—FH'| |IF] VI |FIl _
IG(X) = G(X)(H') " ||/v/n < N T T T T

Then the second part of Theorem 1 follows.

Op(&‘nT).

Finally, note that B = AF /T = Bo(F,F/T) + (A — Ao)F/T. Tt follows from Proposition
1 that

JA— 40 [F]

|B — Bo(FyF/T)|| < T Nl

Op(enr). (A.3)

Thus, for any € X,

§(@) = ¢, (@) B = ¢, () Bo(FF/T) + ¢y, (@) (B ~ Bo(FyF/T))

= g(@)(H™") + (¢, (@) Bo — 9(2))(FF/T) + ¢, (2)' (B = Bo(FgF/T) ) + Op(enr):
Thus, it follows from (A.3) and Assumption 1 that
sup g() — Hg() | < Op(ky®) + sup v, (@) Op(enr) = Op(Vkneur)

This completes the proof. O



Lemma 3. Let & = g(x;) for — agy @, (i) and i = F (=&i) — H{uy < =&}y If Assumptions
1 to 3 hold, then

T n 2
1 . -1 1
J T > @ —ag —F71(0) - 25 = S didn, (@:)|| =Op (k) + Op (ar) -
t=1 i=1
Proof. Step 1: For any a € RP*» define:
1 n
my(a) = =3 [r— Hun < (a— ao) G, (1) — &u}] G, (1),
=1

n

mi(a) = -3 [r ~ F ((a— an) e, (21) — &) b, (:).

i=1

Since F (=&i) =7 — f(=¢},) - & where £, is between 0 and &, it follows that

 (aor) Zf ) - it - P, (22). (A4)

Taylor Expansion of m;(a;) around ag; gives
m;(ay) = mi(aor) — My (a) - (ar — aor) (A.5)
where a; is between ag; and a; and

omj(a)
oa’

M; () = = 0D o = LS (81— a0 b, (31) — ) - e (@i, (@) (AS)
=1

By Assumption 3(ii) one can write
M; (@) = f(0) -y +n 1®(X) D;®(X), (A7)

where ﬁ]¢ =n"1®(X)®(X) and Dj is a n x n diagonal matrix whose diagonal elements are

bounded in absolute values by L |(a: — aot) ¢x, (i) — &it|. Note that by Lemma 1,

max [| Dy < max} a; — aor) G, (@) — Lt

1<t<T
< max la;: — aoi| - Op(VEn) + Op(k;®) = Op(/knenr).
Moreover, one can write
my(a) = mu(a) — mu(aor) + [me(aor) — m(ay)] (A.9)



where m;(a) = m;(a) — mj(a). It then follows from (A.5) (A.7) and (A.9) that

a; —ao —£1(0) - 25" (ao) = £1(0) - 2"

¢

{m; (ao:) — mi(ar) — [y (aoy) — my(ay)] — n~'®(X) Dy ®(X)(ar — aor) }

where
n

my(ao) = %Z[F(_fzt — Huir < —&it}] @, (wi) = Z%td’kn ;).

i=1

Since f(0) is bounded below, and )\min(2¢) is bounded below with probability approaching 1, it

suffices to show that

e [m (ao)| = Op (k)

_ 3/2
e [[myan) | = Op(kY/? /).

T

1 - - A

= > lu(ao) = (@) |* = Op ()
t=1

max [|[n"'®(X)' D;®(X)(a: — aot)|| = Op(Vknely).

1<t<T

Step 2: By (A.4) and Assumption 1,

max_ [y (ao) |

1<t<T

= f(
max. nz —&5,) - &it - D, ().

< max lzn:f(())-g»t-cpk ()| + Op (ky/272).
LI<T || 4 ! nAt n

Define z; = f (0) - & and 2z = (214, ..., 2nt)’, then
= Zf it b, () =171 B(X) 2
and

max
1<t<T

156 (0) - € b, (a0)
=1

n =

= max Hn P(X) z| < Hn_1/2<I>(X)H - max Hn_1/2th = Op(k,*).

1<t<T S 1<t<T

(A.10)

(A.11)

(A.12)

(A.13)



In sum, we have

max ||m;(ao,)| = Op(ky/>~>*) + Op(k,*) = Op(k;*),

1<t<T
which gives (A.10).

Step 3: Similar to the proof of Lemma A4 of Horowitz and Lee (2005) it can be shown that

_ 3/2
mas [ mi(an) | = Op(kY/?/n).

which gives (A.11).
Step 4: By (A.8) and Lemma 1

max |n~'®(X) D;®(X)(a; — an)||

< ||®(X)/Vnlg - max ||Dls - max ||a; — aoill = Op(v/knenr),

1<t<T 1<t<T
which gives (A.13).
Step 5: Define:

n

du(a) = %Z [1{uir < (@ — aot) b, (i) — &it} — Vi < —Eir}] dr, (@),
i=1
() =+ 3" [F ((a— an)' i, () — &) — F (~a)] b, ().
i=1

dre(e) = dre(e) —E[re(a)],  dae(a) = () — Efdzi(a)].

Note that E[d1:(a)] = E[d ()] because doi(a) = E[d1¢(a)|x;]. Then my(a;) — my(ao) =
S2t(dt) — Slt(dt)7 and

1 & - s 2
T Z Is(@r) = mhe(ao)l” < = H Z H&Zt(dt)H . (A.14)
=1 t:l
In what follows, we will show that
;XT: 5“(6%)“2 _ (1n(kz 1/ag-1/2) k2/2€nTn_1) ’ (A1)
t=1
Tzf: H52t ay H =0Op <ln(k: Y21y j3e2 _1) , (A.16)



which imply (A.12) and therefore complete the proof. We will focus on the proof of (A.15) since
the proof of (A.16) is similar.

Let ¢jq(x;) be the jdth element of ¢y, (x;) for j =1,...,k,;d =1,...,D, and define

Ap(a, ;) = H{uir < (@ — aor) ¢, (@) — it} — V{uir < &t}

Then for some C' > 0, with probability approach 1,

kn 2

T~ .2 11 D
D LUCR IS DI SO DI

t=1 j=1 d=1l@a—aot|[<Cenr

\/15 > {Ailo, i) dja(w:) — E[Au (o, i) dja(xi)]}
=1

We will show that

2
E sup

la—aot||<Cent

} S {Aulen z0)bjalws) — Eldi(e, z)djalx:)])}
=1

-0 <ln(k 1ag—1/2) | 3/2¢ T) (A.17)

uniformly in ¢ and j, from which (A.15) follows.

Define H. , = {h(a,x;) = Ai(o, ;) dja(x;) — E[Ai(o, i) dja(x;)] : |la — an]| < Cepr},
and for any h € H., .. define G,h =n~Y23"" | h(a,z;). Write

la—aot||<Cepn

sup \/15 > (Bl z)djalxi) — E[Au(er, wi)(ﬁjd(wi)]}‘ = 1Gnhlly, .
i=1

then the left-hand side of (A.17) can be written as E HGnhH?HEnT. Let N(He, ;. L2(Q), €) be the
covering number of H., ., where L2(Q) is the Ly norm for functions and ) is any probability
measure on X. Similar to the proof of (A.12) in Kato et al. (2012), it can be shown that
N(He,r, L2(Q), 2¢) < (A/e)**n for some bounded constant ¢; and A > 3,/e that do not depend
ont and j. Moreover, it is easy to show that sup,eyy. E[h?(a,z;)] < c3\/knen for some bounded
constant cg. Then, applying Proposition B.1 of Kato et al. (2012), we have

E|[Guhlly, < s |-In(eaky Ve /) ha/v/n + V(e e ) kg/%;ﬂ
< es\/In(ky e 7Y KM AEE (AB)

where c3, ¢4, c5 are bounded constants that do not depend on ¢ and j. Finally, (A.17) follows by
noting that (see Chapter 6 of Ledoux and Talagrand 1991)

2
ElGuhl, , < (EIGuhly, ) +O0(m).



This completes the proof. O

Proof of Theorem 2:

Proof. Let ¥ be the n x T matrix of ¢, then the result of Lemma 2 can be written as

HA—AO—f(O)_l-ﬁ);liﬂ \p/nH/\F Op (k®) + Op (nar) - (A.19)

From (A.2) and Lemma 1 we have
|F — RH|/VT < Op(1) - | FoG(X)'V /(nT)||s + Op(eir)- (A.20)

Define R(X) = ®(X)By — G(X), then by Assumption 1(ii) ||[R(X)||/v/n = Op(k,;*). More-

over, we can write

V = Y-GX)F,
= (X)A G(X)Fy
= ®(X)A - ®(X)Ap+ ®(X)Ay - G(X)F}
= ®(X)(A- Ay) + R(X)F;
Thus,
FyG(X)'V /(nT)

— Fy(®(X)B) - R(X))'[®(X)(A - Ao) + R(X)F})/(nT)
— FB)®(X)®(X)(A - Ag)/(nT) ~ FyR(X)®(X)(A — Ag)/(nT)
+F)G(X)R(X)F,/(nT).

It then follows from Theorem 1 and Lemma 1 that
|FoG(X)V /(nT)|s < | FoBy®(X)'®(X)(A — Ag)/(nT)|s + Op(k, ).
The above inequality and (A.20) imply that

|F - RH|/VT < |FuBy®(X)'®(X)(A — A)/(nT)|ls + Op(k;") + Op(eZr).  (A.21)



y (A.19) and Assumption 1(ii), we have

1FoBy®(X)'®(X)(A ~ Ao)/(nT)|s
f(0) 1| By®(X ) ®(X)E, '@ (X)®/(n*TY?)||s + Op (ky* + 1ur)

<
= f(0)~ 1HBo‘I>’(X)‘I’/(nT1/2)HS +Op (k" + nar)
< f(0) G (X)®/(nT'?)|| + |G(X) — ®(X)Bo||/vn - || /VnT + Op (ky,* + 1ur)
= (0 G (X)®/(nT?)|| + Op (ky,* + 1t -
Note that

n 2

\/15 Zg(mi)1/}it = Op(n~1/?)

|G/ (X)®/(nT"/?)|| = \/15 : J % >

t=1

because it is easy to see that E Hn 1/2 ZZ 19(x; wltH < oo for all ¢. It then follows from (A.21)
that
|F — FoH||/NT = Op(n™"%) + Op(k,®) + Op(1har) + Op(2y).

This completes the proof. ]

Lemma 4. Under Assumptions 1, 2 and 4, we have
HA—AO—E;(;(I"( /nH/\/> Op (k,®) + Op (ur) -
where Py (x;) = F (=&i|@;) — VH{uy < =&} and (X)) is the n x T matriz of Vi (x;).

Proof. The proof is similar to the proof of Lemma 3. Therefore, it is omitted to save space. [

Proof of Theorem 3:
Proof. By the proof of Theorem 1, for any & € X,
g9(x) = (FyF/T) g(x) + (FoF/T) By, (x) — g(x)) + (B — Bo(FyF/T)) by, ().

Moreover,
B — By(F)F/T) = (A— A)FyH/T + (A — Ay)(F — FH)/T.

Thus, by Lemma 1 and Theorem 1,

g(x) — (FyF/T)'g(x) = H'F{(A — Ag) () /T + Op(k,*) + Op(epr\/kn)-

10



It then follows from Lemma 3 that
9(x) — (FgF /T g(w) = H' FyW' (X)®(X)S ) i, (@) /(nT) + Op(ky/*~*) + Op(\/kntur)-

Define dp(x;) = T~ 1, forthir(x:), q(x:) = o, (zci)’Eg;(j)kn (), then we can write
INrY —1 1 .
RU (X)®(X) X dr, (2)/(nT) = — > dr(ziq(@:).
i=1
Note that E[dr(x;)q(x;)] = 0 because E[dr(x;)|x;] = 0, and it is easy to show that

Eldr(z:)dr(x:) ¢* (2:)] = 7(1 — 7)(Fy Fo /T?) ), (w)2@12¢2@1¢kn (z) +o(1)
=7(1 - 7)(FFy/T?)o}, + o(1).

Thus, we have

nT

Sy )

) - _ 1 <
(9(@) ~ FF/TVg(@)) = 577 = > VTdr(@a(a)) o,
i=1
+ O0p(ky/*™ + \/kniar)VnTo t. (A.22)
Finally, it follows from Lyapunov’s CLT and Assumption 4(iv) that

nT

—1/2/ £y —
ET,T/ (H') - Ok

(9(@) — (FF/T)g()) 5 N (0, Ir).

n

This completes the proof. O

Proof of Theorem 4:
Proof. Define R(X) = ®(X)By — G(X), we can write

Y = ®(X)Ao+ ®(X)(A - Ag) = G(X)F, + R(X)F} + ®(X)(A — Ay).
Thus,

By = V/G(X) - (G(X)G(X) ™ = Fy(G(X)G(X) /n) (G(X)G(X) fn)™"
+ Fy(R(X)'G(X)/n)(G(X)C(X)/n) ™ + (A — Ag) (B(X)G(X)/n)(G(X)C(X)/n) ",

11



and

fo— H'for = (G(X)'G(X)/n)" (G(X)R(X)/n) for
+(G(X)'G(X)/n) " (G(X)®(X)/n)(a: — ac).

It is easy to see from Theorem 1 and Assumption 1(ii) that the first term on the right-hand side

of the above equation is Op(k, ). Moreover, by Lemma 3, the second term can be written as
(GXYGX)/m) - (GXY (X)) -5 - S, (@) as) + Op (k™) + Op(nr).
i=1
By Theorem 1 we can show that
(G(X)G(X)/n)™ — H'S; H| = Op(enr),
I(G(X)'®(X)/n) — H 'Elg(@:)$r, (z:)']|s = Op(ur),

= Op(\/kn/n),

S b (@)u()
i=1

it then follows from Assumption 4(iii) that

(H')"'Vn(fi — H for) = 2, 'Elg(@:) pr, ()15, (\}ﬁ Z Pk, (mi)%’t(ﬂ?i))
=1
+ Op(enrkl?) + Op(n*2k%) + Op(n**nu7).

By the Lyapunov’s CLT we can show that
1 — d
7 > br, (i) hus(ai) S N(0,7(1 — 7)),
i=1

then the desired result follows from Assumption 5. O

Lemma 5. Denote the eigenvalues of ﬁ]g - FJFy/T as p1,...,pr. Then, for j =1,... R, it
holds that p; = p; + Op(ent).

Proof. Denote the estimation error of using Y to estimate G(X)F’ as V =Y —G(X)F'. From
Lemma 2, it holds that (nT)Y2||V|| = Op(enr). Define F* = F + V'G(X)(G(X)G(X))™".
For any matrix A, let 9;(A) be the j-th largest eigenvalue of A. To complete the proof, it suffices

to show the following two statements:

L. p; = 0}(F*G(X)G(X)F* /nT) + Op(e2y).

12



2. 0;(F*G(X)G(X)F* /nT) = p; + Op(enr).

First, we can rewrite Y = G(X)F* +Q(GQ)V where Q(G) =

This implies that

(I-G(X)(G(
Y'Y F'GX)GX)FY V'QG)\V
nT nT + nT '

By Weyl inequality, for every k =1,...

, R, we have that

X)G(X)'G(X)).

k ’ ~
Y'Y F*G(X)G(X)F* 'Q(G)V
ZQ](nT>§ZQj< T +k-o T ;
j=1 j=1
where . A o
V'Q(G)V v'v Vv 9
< < ||—= =0
k 01 ( nT ) <k 01 ( T ) = Hm P(gnT)a
which means that
b Y’Y i F*G(X)G(X)F* )
Z Z ot +O0p(e2y). (A.23)
Additionally, for £ = 1,..., R, suppose =} is the matrix of eigenvectors corresponding to the
k largest eigenvalues of F*G(X)'G(X)F* /nT, such that Z; =% /T = I;. Then, for any k =

1,..., R, it holds that

L (yy LYY,
Z 0j T > trace | =, W:k = trace | &,

_F*G(X)G(X)F*

j=1
where
* !/ oy *
e <EZ,F G(XT)L TG;'(X)F E;’;) o, (F G(X
and

—k
= 201 7 112 = 2 v
VT vnT VT vnT
:OP(S?’LT)

Hence,

nT?

/r—* —x/ ‘A /Q<G)
— t — —
uk> +trace <_k T2

nT

>’G<X>F*’>

VI(G(X)(G(X)G(X))'GX))V _,

2

nT?

) + Op(e2y). (A.24)




Therefore, (A.23) and (A.24) complete the proof of statement 1.
Next, to prove statement 2, let us denote P(G) = G(X)(G(X)'G(X))"'G(X)’, and rewrite

F'G(X)G(X)F* = FG(X)G(X)F +V'G(X)F + FG(X)V + V'P(G)V.

The proof proceeds as follows. First, define = as the matrix of eigenvectors corresponding the k
largest eigenvalues of FG(X)'G(X)F' /nT such that ;= /T = Ij. Then, for any k =1,..., R

we have that

k F*G * !
Z < G(X)G(X)F ) e < = JFG(X)G(X)F Ez) .

nT nT?
_JFGX)V _,
2trace | 2, e ok +
_JV'P(Q)V_,
trace S T:k y
where
_JFG(X)G(X)F _, L FG(X)G(X)F _ i
trace <:k T2 2 | <trace | & T2 =y :Z;pj,
J:
~FGX)V _,
trace( A T3 = | < T = Op(enr),
and
V'P(G)V 1P VP _
trace 75* < — G(X)(G(X)GX)'G(X)|| = Op(e2y).
(k T k>_ﬁﬁ (X)(GX)G(X) ' GX)|| = Op(ehy)
Combining these inequalities, we get
~ F*G(X)G(X)F* k
Z; 25 T < Z; p;j +Op(enr). (A.25)
Jj= Jj=

Second, using similar reasoning, we have that
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i <F*G(X)'G(X)F*’> <H, F*'G(X)G(X)F* _ )
Z 05 >trace | =, Zk
j=1

nT nT?
_ FG(X)G(X)F' _ _ FG(X)V _

=trace | &, T2 i | + 2trace Sk ek

+ trace [ 2 7V’P(G)V:

Y
k

=" pj + Oplear), (A.26)

j=1

In this fashion, statement 2 is also proven by (A.25) and (A.26), so that the proof of Lemma 5
is completed. O

Lemma 6. Define ¢y = 7—1{uy <0}, W asnxT matriz of Vi, and let § = ﬁ Yo P, (zcl)iﬁzt
Then, for j =1,2,..., [bmin(T, Dk,,)] where b € (0,1), there exist two strictly positive constants

c® and ¢®, such that
1. When Dkn/T — ¢ € [0,00), ¢ + op(1) < 0 (% ST gg;) <+ op(1)
2. When Dky /T — o0, ¢* +op(1) < 0 (DL,% ST gtgg) <z +op(1)
Proof. Note that E[(7 — 1{uy <0} X]=7(r —1)2+(1—71)7 =7 —72foreachi=1,...,n

and, by Assumption 6(i), t =1,...,T, and E[(7 — 1{u; < 0})(7 — I{uj < 0})|X] = 0 for each
i1#jand t=1,...,T. Then, we have

. RN -
E[88|X] = [¢k, (i), (i) El(T — Hui < 0)*1X]) = (1 — )2,
i=1
Define the isotropic vector §; = ((7 — 72)2¢)_1/2§t- Then, we have that
E[5/X] =0, E[558]|X]=1Ipy,.

By Assumption 6(i), 5; is i.i.d. conditional on X. Rewrite

T
1 - - 1 _ -

D& = (1= )82 2 Y s (-7 8)
t=1

N

15



Then for any j = 1,...,min(Dk,,T), it holds that

T T T
- 1 o 1 . - 1 _
(T - 7—2))‘min(2¢)gj (T E :Stsg> < Qj (T E StS:‘,> < (T - 7—2))‘max(2¢)gj (T E 8t3:5> .
t=1 t=1 t=1

Further, note that f)¢ = 150 | @k, (@) Pk, (z;) and each entry of ¢y, (x;) is bounded above.
It follows from Theorem 5.6.1 of Vershynin (2018) that

. [Faloghy | kulogk,
12p — Zplls = 0P< - - ) = op(1).

Consequently, [Amin(Eg) = Amin(Ze)| = 0p(1) and |Amaz(Eg) — Amaz(Ee)| = 0p(1) and it holds
with probability approaching 1 that

T
i@ (3 ) < o (50 < By (35
= (A.27)

Note that s; = ﬁ S (1 = 7)) "2y, ()i is a sum of independent random vector
conditional on X. Define them as 5 = (1 — 72)24) /2y, (z:)1i. Then, we have that

n

E[54|X] =0, ZE 8183 X] = (1 = 7)8) 'Y (7 = )bk, (i) i, (i) = nlpy,.
i=1
Therefore, [|5i]| < ||(T — 72)2)"?||s - [|¢(z)|| - |it] = Op(VEn). Let v and v be the
probability measures of §; and of a multivariate Gaussian N (0, Ipy,, ), respectively. Moreover,
suppose II(v;, ) is the collection of all joint distributions m on RP#» x RP*» whose first marginal
is 14 and second marginal is y, namely, 7(B, RP*?) = 14(B) and 7(RP**, B) = ~(B) for all Borel
sets B in RPkn,

Next, define the Wasserstein distance between two probability measures

1/2
W) = (it | ly — al *r(de, dy)
m€ll(v,y) JRDkn x RDkn

Then, it follows from Theorem 12 in Bonis (2020) that there exists a constant C' > 0 such that
foreacht=1,...,T,

(i ElllsalD? | (i Elllsal ')
C'W2(Vt,7)§2 132/;\] L i [Jzt ]

(ZLJE@@MW?”+<MWMH%>W7

_|_
n n
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where, for [ € [0, 2],
Lo 1/2
M(l) = (n > E[s:85][PE[ |51 + IE[éitéétlléitlll}HZ) :
i=1
Therefore,
Lo 1/2
M(0) = (n > 2!|E[§u§étm2> < (0(2k7))'/* = O(kn),
i=1
1 1/2
M(2) = (n > E5u5%)|El18i] 7] + I\E[EitgétlgitIF]HZ) < (0(2ky))'? = O(k7).
i=1

We next analyze the following four terms:

(S Bllsal 'DY*_(n- OGN _ (B )
n2/3 - n2/3 B nif3 ) = o)
n = 1147\1/2 . 2Y11/2
LB (00D o ()
n n nl/2
(i1 [1E[sasi][1)? _(n- ORIV kn \ _
= - O 1 - 0(1)7
n n nl/2
1/2 2\ 1/2 3/2
(M(O)M@)) . <0<kn>0<kn>) ok ) _ o)
n n n /2
Suppose that 6, = :’j‘—iz + % + :?311—2 Then, there exists 3; 4 5; and multivariate Gaussian

random vectors d; ~ N(0, Ipg, ) such that (s;,d;) are mutually independent across ¢, and
E[l|st — di||] < Wa(u,7) = O (6n) = o(1).

Define S = [31,59,...,57], and D = [dy,ds,...,dr]. Since dy ~ N(0,I},) and {d;}7, are
mutually independent, D consists of real independent Gaussian random variables. In addi-
tion, noting that ||S — D||*> < 3.1, ||5: — di]|> = Op(T62), and + "L, 5,5, = LSS, Weyl’s
inequality implies that, for j = 1,..., min(7, Dk,), the following result holds

Op(62) + Op(62).

0(359)-o(jo0)
(A.28)

(i) When Dk, /T — 0, note that d; is i.i.d standard normal and thus sub-Gaussian. Therefore,
by Theorem 4.7.1 in Vershynin (2018), there exists a bounded constant C' such that, for each

~olIDlls [I5-DI| |IS-D|* _|IDlls
=5VUT VT T VT

17



u > 0,

1
Pr [HTDD’ —Ipy, >1—2exp(—u).

Dk, +uv Dk, +u
< I
S_C’(\/ T T T )H Dk, || s

Moreover, since u is arbitrarily chosen and ||Ipg, ||s = 1, when Dk, /T — 0, we have that

1
HTDD’ —Ipy, =1+op(1)
S

1 1
— 0p(1) = 7 Amas (DD') < 1+ HTDD’ ~ Iy,

S
IDlls _ [T
v VT

Amaz(DD') = Op(1).

which implies that the left-hand side of (A.28) is op(1), so that p; (% Zthl §t§;> 51 for

j=1,2,...,Dk,. Since s 4 8¢, we have p; <% Z? 1 ,§t.§;) L5 1. Then it follows from (A.27)
that with probability approaching 1, for j = 1,2,..., Dk,,

(r— 72))\mm (o) < 04 ( Zst5t> <(r— 72))\max(2¢).

(ii) When Dk, /T — ¢ € (0,1], on one hand, it follows from Theorem II.13 in Davidson and
Szarek (2001) that for any u > 0,

(,/gl ~ DD >1+\/>+u> <exp< Tg) (A.29)

Since w is arbitrary and in this case, T' — oo, % = Op(1) so that (A.28) is still op(1).

On the other hand, note that D is a Dk, x T matrix. Choose a real number b € (0,1)
and let Dypy,) be the [bDky] x T' row submatrix consisting of the first [bDk,] rows of D.
Then D[kan}be iy IS the [bDk,] x [bDk,| principal submatrix of DD’. Due to the Sturmian
Separation theorem (see page 64 of Rao et al. (1973)), it holds that

ObDky] (D[kan]beDkn]) < 0ppk,) (DD").

Further, it follows from Theorem II.13 in Davidson and Szarek (2001) that for any u > 0,

" (\/"[w’“”< Do D) <1~ [T]‘“> <ew (-7 )

18



which means that

1 Dk, Tu?
Pr <\/Q[kan] (TDD/> <1- [ka} — u> < exp (—;) . (A.30)

Note that [Z)Dif"] <b- DT]“" <b < 1sothat 1 —4/ [ka”] > (0. Consequently, when Dk, /T — c €
(0, 1], it is verified by (A.28) with probability approachmg 1 that, for j = 1,2,..., Dk,

2 T 2
[bDky] 1 Dk,
— - - < 0s — E <
0<<1 T =8 thlstSt o G A

Since 3¢ 4 8¢, the above equation also holds for p; (% 23;1 .§t§§>. Then, it holds with probability
approaching 1 that, for j = 1,2,...,[bDk,],

2 T 2
0 < (7=7) Amin () (1 - [bl;k"]) <0 (;, Zét:g;) < (T7=7%) Amaz (Bg) (1 + Dﬁ”) < .

(iii) When Dk, /T — ¢ € (1,00), Dk, > T and DD’ has at most T nonzero eigenvalues. Thus
we focus on D'D. Similarly, it follows from Theorem II.13 in Davidson and Szarek (2001) that
for any u > 0,

(T o o) ol
(o) ) ()

Note that DD’ and D’'D have the same non-zero eigenvalues. Multiplying Dk D’'D by

(W \/>+1+u><exp< T;)
(W \/ﬁ—l—u><eXp< Tg)

Following the same analysis as in (ii), it holds with probability approaching 1 that, for j =
1,2,...,T,

Dkn

we have that

2 2
Dk, 1. Dk,
0< (T—TQ)Amm(zd,)( o 1) < 0 (Tzsts;> < (1= Mz () <1+ T ) < 0.

t=1



Thus, the above proofs of cases (i), (ii) and (iii) prove statement 1.

(iv) When Dk, /T — oo, We focus on D'D. Note that D has i.i.d. sub-gaussian entries. So
we can apply again Theorem 4.7.1 in Vershynin (2018) to show that there exists a bounded
constant C' such that, for any v > 0

T+ wu T+ u
” §O< +>|IT|S
S

Dk, Dk,
where [|A||g is the spectral norm of a generic square matrix A. Then, g; (D%%D’ D) 51 for

Dk, >1- 26Xp(—u),

7 =1,...,T, because u is arbitrary. Following a similar analysis to that used in the case where
Dk,/T — 0, it holds that g, (D%Cn Zthl §t§2> Lt 1, and, with probability approaching 1, for
ji=12,...,T,

(r— 7'2))\mm(§]¢ < 0j ( Z stst> <(r— 72))\max(2¢),

which completes the proof of statement 2. ]

Lemma 7. Let By = 5 30, f(0l2i) ., (%) b, (2:), A1 = 1‘I”(X)‘I’(X)/n and B, =
A|®(X)®(X)A;1. There exist strict positive number ¢ and &, such that for j = 1,2,...,
[bmin(Dk,, T)] where b € (0,1),

1. When Dk, /T — c € [0,00) c? +0p(1) < 7o (ZA ¢> <ét +op(1).
2. When Dk, /T — oo, A +op(1) < Dk QJ< ) <eA +op(1).

Proof. For j =1,2,... ,min(Dk,,T),

F0(Ea0) = 20y (W(X)B(X)/nS) B(X)B(X) S #(X)¥(X)/n)
o (BOOEOR0R00 5y SOTR0 o)

Suppose s; = ﬁ Sy @k, (i)Y, then we have (P/(X)‘I'(ng‘lfl(X)@(X) = % ZtT:1 s¢8;. Con-

sequently, it holds that

~ 1 A
< Zst3t> min f¢))‘min(2¢)§T (ZAuzﬁ <Qj( Zst3t> maz f¢))‘max(2¢)-

Define ¢;; = 7 — 1{uy < 0} and ¥ as n x T matrix of z/?zt It is easy to show that Pr(&it =
7—1)=7and Pr(¢y = 7) = 1 — 7 s0 B[] = 0, V[thyy] = 7 —72. Let §, = \/1% S @k, (@) Vit
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Then, we have

St — 8t = ﬁ Yoy Dk, (x25) [(F(O]2s) — F(=&itlzi)) — (M{uar < 0} — T{uy < —E&it})],

where & = af,dr, (x;) — g(x;) for is deterministic given x;, while Assumption 6(iv) implies that

maxi<i<7, 1<i<n |$it| = Op(k,;®) with o > 2. Defining p;s = F(0|z;) — F(—=&it|zi), we get

|pzt‘ = ‘/ f UJ’:U'L du

1 / F(0l) + Léw)du| < F(0]:)[éul + LEE.
which means that max;<;<7, 1<i<n [pit| = Op(k,;®). Further, note that

E[1{uy <0} — T{uy < —&i}lei] = pir,  V[{uy <0} — {uy < —&itlas] = pie(1 — pir) < pits

and
E[(1{uis <0} — L{uss < =&is}) (M{ugp < 0} — T{uy < —=&ie})|ai] =0

since s # t, u;s and u;; are independent. Thus, it holds uniformly in ¢ that
E[lls: — 5% ZE b, () 1> - pic(1 = pir)] = O(ky~),

and

E[ll3]% = iZE[Hmn(wi)Hz (1 =7)] = O(kn).

Then, it follows that s;s] — 8:8; = (8¢ — 8;)8} + Si(st — §;) satisfies

1 & 1 &
T;StS;—ngtgg

Hence, by Weyl’s inequality,

T
1 ~ < —a
< = st = Sl (sl + 1801) = Op(kE/2) = 0p(1).

T
l StS/ §t§/
T § t E t
t=1

Similarly, when Dk, /T — oo,

1 o 1 o
o (pFed) o (o B < 7
Further, note that qu LS Ok, (i), (®;). Under Assumption 6(iii), It follows from
Theorem 5.6.1 of Vershynin (2018) that |2, — Z4ls = Op <\/ k"k;Lgk" + k"lc;bgk"> = op(1).

T
l StS/ .§t§/
T § t E t
t=1
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Thus, |Qj(2¢) —0j(Xg)| =op(1) for j =1,2,..., Dk,. Using the same analysis, it can be shown
that |Qj(z~:f¢) —0j(3¢g)| = 0p(1) for j =1,2,..., DEk,. Since all eigenvalues of Ef_d)l and X4 are

both bounded below from 0 and above from infinity, it follows Lemma 6 that

1. When Dk, /T — ¢ € [0,00)\{1}, with probability approaching 1,
s — 1 <
N (B Amin(B) < 05 (Bars) < N (B ) Armaa (Bo):
2. When Dk, /T — oo, with probability approaching 1,
3)\72nm(2f—¢1)>\mm(2¢) Dk‘ . 95 <2A1¢>> <c /\max(zf_gal))\ma:c(z(b)a

which completes the proof. O

Lemma 8. Forj € {1,...,[bmin(Dk,,T)]—2R} where b € (0, 1), there exists ¢ and ¢ such that

1. When Dk, /T — c € [0,00), ¢+ op(l) < n-pry; < c+op(1).
2. When Dk, /T — oo, ¢+ o0p(1) < HL - pryj < c+op(1).

Proof. Note that pri; = 0r+j <1;T ) We begin with

Y = ®(X)A=®(X)A+ ®(X)(A - Ap),

where A = (a1, as,...,ar), and Ag = (ap1, ap2, - ..,aor). As shown in Lemma 3, we have that
fort=1,2,...,T,

ar —aor — Xp - u(aor) =

f);bl {mf(aot) — my(ay) — [My(ag) — my(a)] —n 1 ®(X) D;®(X)(a; — am)} , (A.31)

where 3¢, = LS F(O@i) @, (@) dr, (x;)', and for any a € RPF»,

n

mi(a) =2 3" 7~ Lo < (@~ aoe) b, () ~ &) b, (@)
=1

m;(a) :% Z [T — F ((a — ao) b, (i) — &itlw:i) | d, (24),
=1

m(a) =my(a) — mj(a).
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As shown in Lemma 3,

n

mi (a0) = 3 [r ~ F (~&ul:)] d, (1)

i=1
1 & .
n Zf(okﬂz) &t - ¢, (i) + Op (@/2 2 ) ‘
s
Note that & = g'(x:) for — @r, (xi) aor = (g'(xi) — @, (xi) Bo) for. We rewrite it as
my(ao) = B. for +Op (k}n/Z*Za) , (A52)

where B = LS £ (0|2;) ¢, () (g’ (xi) — @}, (zi)Bo). Further, note that
riu(aor) = > vudn. (@) (A:33)

Now, define As as the Dk, x T matrix with each column being f)f;l{[mf (aot) —B-f()t] —my(ay)—
[y (ag) — my(ay)] —n 1@ (X)' D;®(X)(a;—ae;)}. Then, combining (A.31) to (A.33), we have

A—A)=3 ¥ (X)¥(X)/n+ 32 BF + A,
Then we can rewrite Y as (note that Ag = BoF")

Y =®(X)Ap + ®(X)(A - Ap)

where A(X) = ®(X)(Bo + 2 B), A1 = 3@ (X)¥(X)/n, and E(X) = ®(X)A; +
d(X)A,.

Furthermore, define

F** =F + B(X)'A(X)(A(X)A(X)) ™",
P(A(X)) =A(X)(A(XYA(X)) ' A(X)’
QA(X)) =I — P(A(X)).

Then we have that

Y'Y F*AX)AX)F™ E(X)Q(A(X))E(X)
nT nT + nT '
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On the one hand, since the rank of F**A(X)'A(X)F** is no more than R, we have that
orp1 (F*A(X)A(X)F*') = 0. Then, by Weyl’s inequality,

nT nT nT
, (E(X)’Q(A(X))E(X)> ‘

- (Y’Y) omnn (F**A(X)’A(X)F** ) o <E(X)’Q(A(X))E(X)>

—0 nT

On the other hand, since F**A(X)A(X)F* and E(X)Q(A(X))E(X) are both positive

semidefinite, we have that

OR+j (Y/Y> > OR+j <E(X)/Q(A(X))E(X)> :

nT nT

It then follows from the above two inequalities that

QRH(E(X)'Q(%X))E(X))égmj (1:;)39]’ (E(X)/Q(:;X))E(X)) A3

Further, note that E(X)Q(A(X))E(X)+ E(X)P(A(X))E(X) = E(X) E(X) and the
rank of E(X) P(®(X)By)E(X) is also no more than R. A similar reasoning implies that

0 (E(XYQ(A(X))E(X)) <o, <E(X)’E(X)) 7

nT’ nT
oy (BEIQAKVECOY (BB
Therefore, from (A.34) and (A.35) we have that
Q2R+ (E(XL]?(X)) < OR+j (l:;j) < 0j <E(X?1’f(X)> : (A.36)

Now we focus on the eigenvalues of E(X)'E(X). Recall that E(X) = ®(X)A; + ®(X)Aa,
where Ay is a Dk, x T matrix with each column being f];(;{[mj(aot) — B - for] — my(ay) —
[y (aor) — my(as)] —n~'®(X) Df®(X)(a; — ap;)}. First, as shown in Lemma 7, |0j(Z¢y) —
0j(Z¢s)| = op(1) for j =1,2,..., Dk,. Since Apin(3sg4) is bounded below from 0, )\mm(f]f¢) is
also bounded below from 0 with probability approaching 1. Then, we have

~ 1
160 ls = ——=— = Op(1). (A.37)
fo Amm(zﬂﬁ)
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Further, as shown in Lemma 3

max |[me(ay)|| =0p(k3/*/n),

1<t<T
s
T Z [ (@or) — v (@)||* =Op (n27)
=1
fgﬁg%”n L®(X)' D;®(X)(a; — aot)|| =0p(Vknely). (A.38)

Then, it follows from (A.32), (A.37) and (A.38) that

1
4zl < 0p (ka2 + K2 4 g + v kg ) (A.39)
Note that
E(X)E(X) =344+ A1 ®(X)®(X)Ay + Ay®(X) ®(X)A; + Ap®(X)' ®(X)As,

where 34,4 = A} ®(X)'®(X)A;. Next, it follows from (A.39) that

12(X)Az]| _ [[2(X)ls [|Az]|
vl = vn T

Thus we have

=0p <krlz/2_2a F k2 + \/E5iT) .

|B(X)E(X) = Sa,6]l <2/ @(X) A s - [ 9(X) s + | (X) Ao
p( WT (/2720 kY2 e+ k) ) - [ @(X) Au s+
Op (nT (kp ™ + k3 /n® +n2p + kneny))
=op(VT) - | ®(X) Ass + op(T),

where the last equation, follow from Assumption 6(ii) (nl/Qk}L/Q*Qa = o(1) and n'/?n,p = o(1)).
Two cases are distinguished.
(i) When Dk, /T — ¢ € [0,00), ||®(X)A1||s = O(VT) by Lemma 7(1). Consequently,

FIBX)B(X) = 6]l = 7 o(VT) - OWT) = o(1).

Then, it follows from Weyl’s inequality that, for j = 1,..., [bmin(Dk,,T)],

1

72 (BOVBX) - 10, (Sa)| £ FIBXVBE) - S0l = 001,

Then, statement 1 holds with ¢ = ¢? and & = &* following Lemma 7(1) and (A.36).

25



(ii) When Dk, /T — oo, ||®(X)A1|ls = O(v/Dky) by Lemma 7(2). Consequently,

i IBQVEX) = Sall = 5 o(VT) - O(/Dhy) = ( d ) — o(1).

Dk,

Then, using Weyl’s inequality again, yields that, for j =1,..., [bmin(Dk,,T)],

5 (BB = 5 (Bas)| < 5 1B - Sl = o(0)

Then statement 2 holds with ¢ = ¢* and ¢ = ¢* following Lemma 7(2) and (A.36).

Proof of Theorem 5:

Proof. From Lemmas 5 and 8, it follows that

1. When Dk, /T — ¢ € [0, 00),
e When j < R, ﬁ = # +op(1) = Op(1);
e When j > R, ;%= < ¢+ op(1) = Op(1);
iR Pi
e When j = R, ﬁjil
2. When Dk, /T — oo,
. pi P _ .
 When j < R, 3 = S 4 0p(1) = Op(1);
e When j > R, 55 < £ +op(1) = Op(1);

. 0. . P
o When j = R, 5> fi-- 2 + op(1) = +oo.

n-% 4+ op(1) L foo.

A%

A

Thus, ﬁf i - is maximized when 5 = R in both cases with probability approaching 1, and R

will be consistently estimated irrespective of k, insofar as the choice of this tuning parameter

satisfies Assumption 3 (iv) above, e.g. by cross-validation. O

Proof of Theorem 6:

Proof. By definition we have

A = AH+(A-AH)
= G(X)H +TH + (A - AH)
= ®ByH + RH +TH + (A - AH),

where By is defined in Section 2.2, and R = G(X) — ®By. Denoting Py = ®(®'®)~ 1@’ it
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follows from the definition of G(X) that

G(X) = PyA=®ByH + PyRH + PsTH + Py(A — AH)
= G(X)H +(Py —I)RH + P3TH + Pp(A — AH).

Then, by Assumption 6, we have

IG(X) - GX)H| < [[(Po— DR |H| + | PsT| - | H]| + | Ps(A — AH)]
S IR+ [[PeT| + [|A — AH]J.

~

First, it follows from equation (4) that |R|| = Op(y/nk, ). Second, Assumption 6(i) implies
that |A — AH| = Op(y/nl,7). Third, Assumptions 6(ii) and 6(iii) imply that ||PpI| =
Op(Vky). Thus, part (i) of Theorem 6 holds.

Next, it follows from the definition of g(x) and A = ®BoH + RH +TH + (A — AH) that

g(x) = H'Bj¢y,(z)+ [RH +TH+ (A — AH)®(®'®) ¢y, ()
= H'g(x) + H'[Byu, (x) — g(z)| + [RH +TH + (A — AH)|'®(2'®) "' ¢y, ().

Thus, by Assumption 6,

lg(x) — H'g(x)|| < llg(x) — By, ()| + [(2'®) " 'R - [| b1, ()]
+[[(@'®) "' @'T| - ||k, ()| + [[(®'®) "' @' (A — AH)|| - ||, ()],

whose RHS components behave as follows. First, ||g(x) — B{¢x, (z)|| = Op(k,,*) by equation
(4). Second, by Assumption 6(ii),
[(®'®) '®'R|* = Tr[(®®) '@ RR®(®'®) ]
= Tr [(@’@)—1/2<I>’RR’q>(<I>’<I>)—1/2 : (<I>’<I>)—1}

IA

Amax|(®'®) 1] - Tt [(@’{))_1/2<I>’RR"1>(<I>’<I')_1/2}
= Amax[(®'®)7']- Tr [RR' Py
< Amax[(®'®/n) 7 - Amax(Po) - | RI/n = Op(k;,>*).

Similarly, it can be shown that ||(®'®)~'®'(A — AH)||?> = Op(I2;). Third, by Assumption 6(ii)
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and 6(iii),

[(@'®)'®'T|? = Tr[(@'®) *TI'®]
Amax[(®'®/n) %] - Tr [$'TT'® /n?]
1" Amax[(®'®/n) 7] - [|@'T/Vn||?
= Op(kn/n>

IN

Finally, part (ii) of Theorem 6 holds because sup,¢cy || @k, ()| = VEn. O
A.2 Probability Limit of the Rotation Matrix

Lemma 9. T%/EHVFOH =Op <\/S%> + Op (k;“) + Op (nn1)-
Proof. First, recall that

V =Y — G(X)F}
=®(X)A - B(X)Ag+ (B(X)Ay— G(X)F})
—&(X)(A — Ay) + Op (\/ﬁ : k,;a) . (A.40)

Further, it holds from Lemma 4 that
A= Ay =379 (X)¥(X)/n+ Op (\/Tk;a) +O0p (ﬁw) (A.41)

Next, we focus on <I>(X)Z];¢1 ®'(X )P (X)Fy. Note that it is a n x R matrix with each row being
Pr, (@) S¢, @' (X ) ¥ (X) Fy. By the proof of Theorem 3,

b, ()57, @ (X)¥(X) Byl = Op (v/nTky)

Consequently, we have that

|12(X)=; @' (X)®(X)Fy/n| = V- Op (x/nTkn/n> = Op (\/Tkn) (A.42)
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Combining (A.40) to (A.42), it holds that

IV E < fu<1>< A - AR+ 0p (i) - 1
ST @(X)Ef‘(;@’(X)\II(X)FO/n||—|—H (\;9”5 Op(k;a+77nT)‘H1;‘\/;—J’+OP (k%)

=Op < ) +Op (k,*) + Op (1)

Lemma 10. 1. %HFé(F — F()I‘AI)H =0Op (8121T) + Op ( ) + Op (/{? )+ Op (nnT)

2 HI(F - FUYFI = Op (22) + Or (/%) + 0 (62°) + Op ()
Proof. We first prove statement 1. From (A.2) we have that

F)(F-FyH)/T = F)V'G(X)F)F/(nTHQ '+ F,F,G(X)VF/(nT>)Q '+ F)V'V /(nT?) FQ L.

(A.43)
In the proof of Theorem 1 we have shown that |27 = Op(1). Then we analyze (A.43) term
by term. For the first term, it follows Lemma 9 that

BV IGEOI 1Bl IE] 6oy

=Op <\/::> +O0p (k,*) +Op (1) - (A.44)

|FV'G(X)FyE (1?0 | <!

Then, the second term satisfies that

IFsFoG(X) VE /(T | =|G(X)VE/(nT)Q7|
<|G(X)V(F - R H)/(nT)Q | + |G(X)'VFH/(nT)Q Y|

T Vno VT VT vno Tyn
=Op (e57) + Op (\/E) + Op (k,*) + Op (nnr) - (A.45)

As for the third term, we have that

ol V]2 [1F
JT nT T

Then the statement 1 follows from (A.43) to (A.46).

|FyV'V ) (nT?)FQL| < =0p (27). (A.46)
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Then, it holds that

1, - PN 1, - ” - N 1, - A A
T lI(EF = FoH)'F| <pll(F - FyH)(F — FoH)|| + TlI(F = FoH) FoH |
k _
=Op (enr) + Op (\ / n;) +O0p (k) + Op (ur)
which proves the statement 2. ]

Lemma 11. If F{F,/T = Ip and ﬁ]g 1s diagonal with distinct elements, then H = Irp +
Op (0n7), where dpp = 6%T + \/% + k% 4 .

Proof. We begin with

F)F  F\(F - FyH) . FFR
T T T

ﬁ = ﬁ + OP((SnT)a (A47)

where the second equality is due to Lemma 9. Left multiplying H’ on both sides, we have that

H'F)F

= H'H + O0p(5,7)
== ! 19 'E B H 1 0p(5.)

=Ir+ Op((snT) = ﬂ/ﬁ,

where the last equality is due to Lemma 10. Ignoring Op(é,7), the above shows that H is
an orthogonal matrix so that its eigenvalues are either 1 or -1. We need to show that Hisa

diagonal matrix. From the definition of H,
H=3,FF)/TQ ' =3, HOQ ™ 4+ 0p(0ur) = Z,H = HQ + Op(du1).

This equation implies that H (up to a negligible term) is a matrix consisting of eigenvectors of
fJg. The latter matrix is diagonal and has distinct eigenvalues by assumption. Thus, each eigen-
value is associated with a unique unitary eigenvector (up to a sign change) and each eigenvector
has a single non-zero element. This implies that Hisa diagonal matrix up to an Op(d,r) order.
It is already known that the eigenvalues of H are 1 or -1, Hisa diagonal matrix with elements
of 1 or -1 as its elements. Without loss of generality, we can assume all elements are 1. This
implies H = I + Op (0nT). Moreover, from (A.47) we obtain

/7

FF
% :IR—FOP((STLT).
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A.3 Estimating the Covariance Matrix of the QPPCA Estimator

Recall that 3¢y = E[f(0|2;) g, (€:) Pr, (x:)] and o} (x) = ¢}, (x)Z, 2¢Z Loy, (). Here we
make the dependency of oy, on x explicit. Based on Theorem 3, for the purpose of inference

and constructing confidence intervals, we propose to estimate the co-variance matrix of g(x) by:

where

Srr =11 7)(F'F/T)=7(1-7)Ir, 6} (2)= ¢}, (2)2, Be2c ) dn, (),

St = %Z?(O‘wi) Pk, (@) P, (), B = %Z%n ()P, (:)',
i=1 i=1

1 T 1 Y 1
sz _ K it T zt>,
== Lk (7

K(+) is a standard kernel function with bounded first-order derivative, and h is a bandwidth

parameter.

We need to show that
HF’F/T - ISI’(F(;FO/T)ISIH = op(1), (A.48)

(&kn(w) — Ukn<:lt))/&kn(.’13) = Op(l). (A.49)

Note that (A.48) follows trivially from Theorem 1. To prove (A.49), it suffices to show that
Hﬁw - 2f¢>H = op(1). (A.50)

and
Hm—mH = op(1). (A.51)

First, write

n T
Sfgi) — Xfp = %Z ( (0];) — %Z %]C (UZt)> - Gk, (i) P, () +
t=1

=1
n T
1 1 1 Uzt
- m *K:< 0 7 1 7
3 (PR () o)) outean o

It is standard to show that the first term on the right-hand side of the above equation is

n

% Zf(O\ml) - Pk, () i, (x3) —

i=1
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Op(knenrh™2), the second term is Op (k:n[(nh)_l/2 + h]), and the last term is Op(k,n~1/?).
Thus, (A.50) holds under the conditions that

knenrh™2 =0(1), kn(nh)"? =0(1), knh=o0(1).

In the case where k, is chosen by cross-validation and therefore k, = n'/(at1)  the above
conditions are satisfied if
1 a—1
nZatl << h! << niasz,

which implicitly requires o > 3. Finally, it is easy to see that ||ﬁ]¢ — 34|l = Op(k,n~'/?) and
thus (A.51) holds.

32



B Additional Simulation Results

This section contains some additional simulation results. We briefly summarize the results in

what follows, and the detailed DGPs are described in the notes under each table or figure.

Figure B.1: estimation errors of the loading matrices using QPPCA, QFA-Sieve, PCA and
PPCA. The DGP is the same as Figure 1 of the main text.

Figure B.2: estimation errors of the factors using QPPCA, QFA-Sieve and SQFA, at 7 = 0.75.
The DGP is the same as Figure 2 of the main text.

Figures B.3 and B.4: estimation errors of the loading matrices using QPPCA, QFA-Sieve
and SQFA, at 7 = 0.25,0.75. The DGP is the same as Figure 2 of the main text.

Figures B.5 and B.6: estimation errors of the factors using QPPCA, QFA-Sieve and SQFA, at
7 =0.25,0.75, for the case R = 2, D = 3. These figures demonstrate the advantage of QPPCA
and QFA-Sieve when D > R.

Figures B.7 and B.8: estimation errors of the loading matrices using QPPCA, QFA-Sieve and
SQFA, at 7 = 0.25,0.75, for the case R = 2, D = 3. These figures demonstrate the advantage of
QPPCA and QFA-Sieve when D > R.

Figures B.9 and B.10: estimation errors of the factors using QPPCA, QFA-Sieve and SQFA,
at 7 = 0.25,0.75, for the case R = 2, D = 1. These figures demonstrate the advantage of
QPPCA and QFA-Sieve when D < R.

Figures B.11 and B.12: estimation errors of the loading matrices using QPPCA, QFA-Sieve
and SQFA, at 7 = 0.25,0.75, for the case R = 2, D = 1. These figures demonstrate the advantage
of QPPCA and QFA-Sieve when D < R.

Figure B.13: estimation errors of the loading functions using QPPCA and QFA-Sieve at
7 = 0.75, without missing variables, n = 355,T7 = 62, R = 1, D = 4. The DGP is the same as

Figure 3 of the main text.

Figure B.14: estimation errors of the loading functions using QPPCA and QFA-Sieve at
7 = 0.75, with one missing variable, n = 355,7 = 10, R = 1, D = 5. The DGP is the same as

Figure 4 of the main text.

Figures B.15 and B.16: estimation errors of the loading functions using QPPCA and QFA-
Sieve at 7 = 0.25,0.75, without missing variables, n = 355,T7 = 10, R = 2, D = 2. These figures
demonstrate the advantage of QPPCA when T is small.
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Figure B.1: Estimation of loading matrix: QPPCA, PCA, PPCA and QFA-Sieve.
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Note: The DGP is yir = Mi1fun + (Niafio)uir, where fio = |he|, fe1, he ~ i4.d N(0,1). The number
of characteristics is 2 and all characteristics ;4 (i = 1,...,mn and d = 1,2) are independently drawn
from the uniform distribution: U[—1,1]. g11(z) = g12(z) = sin(27z) and go1(x) = goa(z) = cos®(wz).
The factor loadings are generated as A\j1 = g11(xi1) + g12(i2), iz = g21(i1) + goo(xi2). {ui} are iid
draws from three different distributions. The loading matrix is estimated by 3 methods: PCA, PPCA,
QPPCA at 7 = 0.5 and QFA-Sieve at 7 = 0.5. The reported results are the average Frobenius errors:

|G — G(G'G)"'G'G|/VN from 1000 repetitions.
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Figure B.2: Estimation of factors: QPPCA, QFA-Sieve and SQFA, at 7 = 0.75, with D = R.
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Note: The DGP is y;: = M1 fun + (Niafe2)ui, where fio = |hel, fr1,he ~ i.4.d N(0,1). The number of
characteristics is 2 and all characteristics z;q4 (i = 1,...,n and d = 1, 2) are independently drawn from the
uniform distribution: U[—1,1]. g11(z) = g12(2) = sin(2rx) and go1(z) = goz(x) = cos?(wz). The factor
loadings are generated as \j1 = g11(x1) + g12(€i2), Ai2 = g21(wi1) + gaz(xi2). {ui} are i.i.d draws from
three different distributions. The two factors are estimated by 3 methods: QPPCA, QFA and SQFA at
7 = 0.75. The reported results are the average Frobenius errors: ||Fy — F(F'F)~F' Fy||/v/T from 1000

repetitions.
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Figure B.3: Estimation of loading matrices: QPPCA, QFA-Sieve and SQFA, at 7 = 0.25, with
D =R.
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Note: The DGP is yi = Aivfer + (M2 fio)wir, where fio = |hyl, fe1, he ~ i.i.d N(0,1). The number of
characteristics is 2 and all characteristics z;q (¢ = 1,...,n and d = 1,2) are independently drawn from
the uniform distribution: U[—1,1]. g11(z) = g12(z) = sin(27x) and go1(x) = gaa(x) = cos*(wx). The
factor loadings are generated as \;1 = g11(zi1) + g12(i2), Ai2 = g21(24i1) + go2(xi2). {ui} are i.i.d draws
from three different distributions. The loading matrices are estimated by 3 methods: QPPCA, QFA and
SQFA at 7 = 0.25. The reported results are the average Frobenius errors: |G — G(G'G)"'G'G||/vn
from 1000 repetitions.
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Figure B.4: Estimation of loading matrices: QPPCA, QFA-Sieve and SQFA, at 7 = 0.75, with
D =R.
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Note: The DGP is yi = Aivfer + (M2 fio)wir, where fio = |hyl, fe1, he ~ i.i.d N(0,1). The number of
characteristics is 2 and all characteristics z;q (¢ = 1,...,n and d = 1,2) are independently drawn from
the uniform distribution: U[—1,1]. g11(z) = g12(z) = sin(27x) and go1(x) = gaa(x) = cos*(wx). The
factor loadings are generated as \;1 = g11(zi1) + g12(i2), Ai2 = g21(24i1) + go2(xi2). {ui} are i.i.d draws
from three different distributions. The loading matrices are estimated by 3 methods: QPPCA, QFA and
SQFA at 7 = 0.75. The reported results are the average Frobenius errors: |G — G(G'G)"'G'G||/vn
from 1000 repetitions.
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Figure B.5: Estimation of factors: QPPCA, QFA-Sieve and SQFA, at 7 = 0.25, with D > R.
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Note: The DGP is yir = Mi1fun + (Niafio)uir, where fio = |he|, fe1, he ~ i4.d N(0,1). The number
of characteristics is 3 and all characteristics x;q (1 = 1,...,n and d = 1,2,3) are independently drawn
from the uniform distribution: U[—1,1]. ¢11(z) = g12(z) = g13(z) = sin(2nz) and go1(x) = gaa(x) =
go3(x) = cos?(mx). The factor loadings are generated as \;; = g11(wi1) + g12(wi2) + g13(2i3), Aiz =
921(251) + 922(24i2) + g23(243). {ust} are 1.i.d draws from three different distributions. The two factors are
estimated by 3 methods: QPPCA, QFA and SQFA at 7 = 0.25. The reported results are the average
Frobenius errors: ||Fo — F(F'F)~'F'Fy||/v/T from 1000 repetitions.
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Figure B.6: Estimation of factors: QPPCA, QFA-Sieve and SQFA, at 7 = 0.75, with D > R.
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Note: The DGP is yir = Mi1fun + (Niafio)uir, where fio = |he|, fe1, he ~ i4.d N(0,1). The number
of characteristics is 3 and all characteristics x;q (1 = 1,...,n and d = 1,2,3) are independently drawn
from the uniform distribution: U[—1,1]. ¢11(z) = g12(z) = g13(z) = sin(2nz) and go1(x) = gaa(x) =
go3(x) = cos?(mx). The factor loadings are generated as \;; = g11(wi1) + g12(wi2) + g13(2i3), Aiz =
921(251) + 922(24i2) + g23(243). {ust} are 1.i.d draws from three different distributions. The two factors are
estimated by 3 methods: QPPCA, QFA and SQFA at 7 = 0.75. The reported results are the average
Frobenius errors: ||Fo — F(F'F)~'F'Fy||/v/T from 1000 repetitions.
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Figure B.7: Estimation of loading matrices: QPPCA, QFA-Sieve and SQFA, at 7 = 0.25, with

D> R.
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Note: The DGP is yir = Mi1fua + (M2 fi2)ui, where fio = ||, for, he ~ id.d N(0,1). The number
of characteristics is 3 and all characteristics x;q (i = 1,...,n and d = 1,2,3) are independently drawn
from the uniform distribution: U[—1,1]. ¢11(z) = g12(z) = g13(z) = sin(27z) and go1(x) = gaa(z) =
go3(x) = cos?(mx). The factor loadings are generated as \;; = g11(wi1) + g12(wi2) + g13(2i3), Aiz =
921 (1) + goo(xi2) + g23(2i3). {ui } are i.i.d draws from three different distributions. The loading matrices
are estimated by 3 methods: QPPCA, QFA and SQFA at 7 = 0.25. The reported results are the average

Frobenius errors: |G — G(G'G)~'G'G||/+/n from 1000 repetitions.
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Figure B.8: Estimation of loading matrices: QPPCA, QFA-Sieve and SQFA, at 7 = 0.75, with
D > R.
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Note: The DGP is yir = Mi1fua + (M2 fi2)ui, where fio = ||, for, he ~ id.d N(0,1). The number
of characteristics is 3 and all characteristics x;q (i = 1,...,n and d = 1,2,3) are independently drawn
from the uniform distribution: U[—1,1]. ¢11(z) = g12(z) = g13(z) = sin(27z) and go1(x) = gaa(z) =
go3(x) = cos?(mx). The factor loadings are generated as \;; = g11(wi1) + g12(wi2) + g13(2i3), Aiz =
921 (1) + goo(xi2) + g23(2i3). {ui } are i.i.d draws from three different distributions. The loading matrices
are estimated by 3 methods: QPPCA, QFA and SQFA at 7 = 0.75. The reported results are the average
Frobenius errors: |G — G(G'G)~'G'G||/+/n from 1000 repetitions.
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Figure B.9: Estimation of factors: QPPCA, QFA-Sieve and SQFA, at 7 = 0.25, with D < R.
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Note: The DGP is y;: = M1 fun + (Niafe2)ui, where fio = |hel, fr1,he ~ i.4.d N(0,1). The number of
characteristics is 1 and all characteristics z;4 (i = 1,...,n and d = 1) are independently drawn from
the uniform distribution: U[—1,1]. g11(x) = sin(2mz) and go1(x) = cos?(mx). The factor loadings are
generated as \j1 = g11(21), Aiz = g21(2i1). {ui} are i.i.d draws from three different distributions. The
two factors are estimated by 3 methods: QPPCA, QFA and SQFA at 7 = 0.25. The reported results are
the average Frobenius errors: |[Fy — F(F'F)~'F'Fy||/v/T from 1000 repetitions.
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Figure B.10: Estimation of factors: QPPCA, QFA-Sieve and SQFA, at 7 = 0.75, with D < R.
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characteristics is 1 and all characteristics z;q (1 = 1,...,n and d =
the uniform distribution: U[—1,1]. g11(x) = sin(27z) and go;(x)

1) are independently drawn from
= cos?(nx). The factor loadings are

generated as \j1 = g11(21), Aiz = g21(2i1). {ui} are i.i.d draws from three different distributions. The
two factors are estimated by 3 methods: QPPCA, QFA and SQFA at 7 = 0.75. The reported results are
the average Frobenius errors: |[Fy — F(F'F)~'F'F,| /T from 1000 repetitions.
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Figure B.11: Estimation of loading matrices: QPPCA, QFA-Sieve and SQFA, at 7 = 0.25, with
D < R.
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Note: The DGP is yi = Aivfer + (M2 fio)wir, where fio = |hyl, fe1, he ~ i.i.d N(0,1). The number of
characteristics is 1 and all characteristics z;4 (i = 1,...,n and d = 1) are independently drawn from
the uniform distribution: U[—1,1]. g11(x) = sin(27z) and go1(x) = cos?(mx). The factor loadings are
generated as A;; = g11(21), A2 = go1(wi1). {ui} are id.d draws from three different distributions. The
loading matrices are estimated by 3 methods: QPPCA, QFA and SQFA at 7 = 0.25. The reported results
are the average Frobenius errors: |G — G(G'G)~'G'G||/+/n from 1000 repetitions.
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Figure B.12: Estimation of loading matrices: QPPCA, QFA-Sieve and SQFA, at 7 = 0.75, with

D <R.
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1) are independently drawn from
cos?(mz). The factor loadings are
generated as A;; = g11(21), A2 = go1(wi1). {ui} are id.d draws from three different distributions. The
loading matrices are estimated by 3 methods: QPPCA, QFA and SQFA at 7 = 0.75. The reported results
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are the average Frobenius errors: |G — G(G'G)~'G'G||/+/n from 1000 repetitions.
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Figure B.13: Estimated Loading functions at 7
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Note: n = 355, T =62, R =1 and D = 4. The DGP is: y;; = (g1(xi1) + g2(xs2) + g3(x4i3)) - fr +
9a(xia) « ft - wir, where f; = |h¢| and h; are independently drawn from N(0,1), 24 (i = 1,....,n and d =
1,2,3,4) are independently drawn from the uniform distribution: U[—1,1]. gi(x) = —sin(0.57z), g2(z) =
sin(rz), gs(z) = sin(27z), ga(x) = cos®(mx) and {u;} are i.i.d draws from the #(3) distribution. The
graphs show the true loading functions (the black dash-dot lines) at 7 = 0.75, and the empirical point-
wise 5% and 95% quantiles of the estimated loading functions using QPPCA (the red solid lines) and
QFA-Sieve (the green dashed lines) from 1000 repetitions.
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Figure B.14: Estimated Loading functions at 7
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Note: m =355, T =62, R=1and D = 5. The DGP is: y;; = (g1(i1) + g2(zi2) + g3(zi3) + g5(wi5)) -
fe +9a(xia) - ft - wiz, where f; = |hi| and h; are independently drawn from N(0,1), x4 (¢ = 1,...,n and
d=1,...,5) are independently drawn from the uniform distribution: U[—1,1]. Assume that only the first
4 characteristics are observed while ;5 is unobserved. ¢;(z) = —sin(0.57x), g2(z) = sin(wx), gs(x) =
sin(2rx), ga(r) = cos®(rx) and gs(x) = 1.5cos(mz) and {u;} are i.i.d draws from the ¢(3) distribution.
The graphs show the true loading functions (the black dash-dot lines) at 7 = 0.75, and the empirical
point-wise 5% and 95% quantiles of the estimated loading functions using QPPCA (the red solid lines)
and QFA-Sieve (the green dashed lines) from 1000 repetitions.
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Figure B.15: Estimated Loading functions at 7 = 0.25, 2 factors, no missing variables: QPPCA
and QFA-Sieve
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Note: n = 355, T = 10, R =2and D = 2. The DGP is: Yit = (911(%’1) +912(1‘i2)) . flt + (ggl(m“) +
922(i2) - far - use, where fo = |he| and f1;, hy are independently drawn from N(0,1), 2,4 (i = 1,...,n and
d = 1,2) are independently drawn from the uniform distribution: U[—1,1]. g11(x) = sin(27x), gi2(z) =
—5in(0.57x), go1(x) = sin(rx), goa(x) = cos?(rx)+1 and {u;;} are i.i.d draws from the #(3) distribution.
The graphs show the true loading functions (the black dash-dot line) at 7 = 0.25, and the empirical point-
wise 5% and 95% quantiles of the estimated loading functions using QPPCA (the red solid lines) and
QFA-Sieve (the green dashed lines) from 1000 repetitions.
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Figure B.16: Estimated Loading functions at 7 = 0.75, 2 factors, no missing variables: QPPCA
and QFA-Sieve
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Note: n = 355, T = 10, R =2and D = 2. The DGP is: Yit = (911(%’1) +912(1‘i2)) . flt + (ggl(m“) +
922(i2) - far - use, where fo = |he| and f1;, hy are independently drawn from N(0,1), 2,4 (i = 1,...,n and
d = 1,2) are independently drawn from the uniform distribution: U[—1,1]. g11(x) = sin(27x), gi2(z) =
—5in(0.57x), go1(x) = sin(rx), goa(x) = cos?(rx)+1 and {u;;} are i.i.d draws from the #(3) distribution.
The graphs show the true loading functions (the black dash-dot line) at 7 = 0.75, and the empirical point-
wise 5% and 95% quantiles of the estimated loading functions using QPPCA (the red solid lines) and
QFA-Sieve (the green dashed lines) from 1000 repetitions.
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