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A Proofs and Additional Results

A.1 Proofs of the Main Results

Recall that the check function is given by ρτ (u) = (τ − 1{u ≤ 0})u and that, by definition,

l(θ, yit,xi) = ρτ (yit − θ(xi)) − ρτ (yit − θt(xi)), Ln(θ) = n−1
∑n

i=1 l(θ, yit,xi). Moreover, for

any θ ∈ Θ, define K(θ, θt) = E(Ln(θ)) = E[l(θ, yit,xi)], and for any θ1, θ2 ∈ Θ, define the

pseudo-metric d(θ1, θ2) ≡
√
E (θ1(xi)− θ2(xi))

2. Finally, Θn is the sieve space defined in the

main text.

We first present the following lemma based on Corollary 1 of Chen and Shen (1998), and

then prove Proposition 1 below using this lemma.

Lemma 1 (Corollary 1 of Chen and Shen (1998)). Suppose that Assumption 1(i) holds and the

following conditions hold for all t ≤ T : (i) K(θ, θt) ≥ 0 for θ ∈ Θ. (ii) K(θ, θt) ≍ d(θ, θt)
2 for

θ ∈ Θ. (iii) supθ∈Θ |l(θ, yit,xi)| <∞ for all i, t. (iv) For all small ϵ > 0,

sup
θ∈Θn:d(θ,θt)≤ϵ

Var[l(θ, yit,xi)] ≲ ϵ2.

(v) Let Fn,T,δ = {l(θ, yit,xi)− l(θt, yit,xi) : d(θ, θt) ≤ δ, θ ∈ Θn} be a class of functions indexed

by Θn. There exists δn ∈ (0, 1) such that

δn = sup

{
δ > 0 : δ−2

∫ bδ

aδ2

√
H(w,Fn,T,δ)dw ≲ n1/2

}
,
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where H(w,F) is the bracketing L2 metric entropy of the space F . Then there exist constants

c, C > 0 such that for any γ ≥ 1 and any integer n,

P
[
d(θ̂t, θt) ≥ γεn

]
≤ 4c exp(−Cnε2nγ2)

for all t, where εn = max(δn, d(θt,a
′
0tϕkn)).

Proposition 1. Under Assumption 1, it holds that max1≤t≤T d(θ̂t, θt) = OP (εnT ) when either

T is fixed or T → ∞ as n→ ∞.

Proof. First, under Assumption 1(iv), it can be shown that K(θ, θt) ≍ d(θ, θt)
2, which im-

plies that conditions (i) and (ii) of Lemma 1 hold. Second, by Assumption 1(iii) we have

supθ∈Θ |l(θ, yit,xi)| ≲ supθ∈Θ supX |θ(x)− θt(x)| <∞. Thus, condition (iii) of Lemma 1 holds.

Third, by the definition of d and the properties of the check function, it is easy to see that,1

sup
θ∈Θn,d(θ,θt)≤ε

Var [l(θ, yit,xi)] ≤ sup
θ∈Θn,d(θ,θt)≤ε

E [l(θ, yit,xi)]
2

≲ sup
θ∈Θn,d(θ,θt)≤ε

E (θ(xi)− θt(xi))
2 ≤ ε2.

Thus, condition (iv) of Lemma 1 is also satisfied. Fourth, for the finite-dimensional linear sieve

spaces Θn, it can be shown that condition (v) of Lemma 1 is satisfied with δn =
√
kn/n (see

Section 3.3 of Chen (2007)). Finally, Assumption 1(ii) implies that d(θt,a
′
0tϕkn) = O(k−α

n ).

Therefore, it follows from Lemma 1 that (set γ =
√
lnT )

P
[
max

t
d(θ̂t, θt) ≥ CεnT

]
≤

T∑
t=1

P
[
d(θ̂t, θt) ≥ Cεn

√
lnT

]
≲ exp

{
C2 lnT (1− c2nε

2
n)
}

for any C ≥ 1. Therefore, the desired result follows from the above inequality since nε2n ≥ kn.

Lemma 2. If Assumption 1 and Assumption 2(i) hold, then:

(i) max1≤t≤T ∥ât − a0t∥ = OP (εnT );

(ii) Let V̂ ≡ Ŷ −G(X)F ′
0, then (nT )−1/2∥V̂ ∥ = OP (εnT ).

1Note that |ρτ (u1)− ρτ (u2)| ≤ 2|u1 − u2|.
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Proof. By Assumption 1 and Assumption 2(i),

d(θ̂t, θt)
2 =

∫
X

(
θ̂t(x)− θt(x)

)2
dFx(x)

=

∫
X

(
θ̂t(x)− a′

0tϕkn(x)
)2
dFx(x) +OP (εnTk

−α
n )

= (ât − a0t)
′Σϕ(ât − a0t) +OP (εnTk

−α
n )

≥ c1∥ât − a0t∥2 +OP (εnTk
−α
n )

where c1 > 0, and the OP (εnTk
−α
n ) term is uniform in t. Then it follows from Proposition 1

that max1≤t≤T ∥ât − a0t∥2 = OP (ε
2
nT ).

Next, note that

(nT )−1∥V̂ ∥2 ≲
1

nT

n∑
i=1

T∑
t=1

(
θ̂t(xi)− a′

0tϕkn(xi)
)2

+OP (k
−2α
n )

=
1

nT

n∑
i=1

T∑
t=1

(
(ât − a0t)

′ϕkn(xi)
)2

+OP (k
−2α
n )

≤ T−1
T∑
t=1

∥ât − a0t∥2 · λmax

(
Σ̂ϕ

)
+OP (k

−2α
n )

≤ max
1≤t≤T

∥ât − a0t∥2 · λmax

(
Σ̂ϕ

)
+OP (k

−2α
n )

where Σ̂ϕ ≡ n−1
∑n

i=1ϕkn(xi)ϕkn(xi)
′. Since Assumption 1(iii) implies that supX ∥ϕkn(xi)∥ =

√
kn, similar to the proof of Theorem 1 in Newey (1997), one can show that ∥Σ̂ϕ−Σϕ∥ = oP (1)

under Assumption 2, and therefore we have λmax(Σ̂ϕ) = OP (1). This completes the proof.

Proof of Theorem 1:

Proof. Write Ŷ = G(X)F ′
0 + V̂ where V̂ is as defined in Lemma 1. Note that

Ŷ ′Ŷ /(nT ) = F0G(X)′G(X)F ′
0/(nT ) + V̂ ′G(X)F ′

0/(nT )

+ F0G(X)′V̂ /(nT ) + V̂ ′V̂ /(nT ). (A.1)

It then follows from Assumption 2(iv), Assumption 1(i) and Lemma 1 that:

∥Ŷ ′Ŷ /(nT )− F0ΣgF
′/T∥

≤ oP (1) + 2∥V̂ ∥/
√
nT · ∥G(X)∥/

√
n · ∥F0∥/

√
T + ∥V̂ ∥2/(nT )

= oP (1) +OP (εnT ).
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Recall that Ω̂ is the diagonal matrix whose elements are the eigenvalues of Ŷ ′Ŷ /(nT ), and let

Ω be the diagonal matrix whose elements are the eigenvalues of Σg ·F ′
0F0/T . By the Wielandt-

Hoffman inequality, the above result implies that ∥Ω̂ − Ω∥ = oP (1). It then follows from

Assumption 2(iii) and 2(iv) that λmin(Ω̂) > 0 with probability approaching 1.

By the definition of F̂ , Ŷ ′Ŷ /(nT )F̂ = F̂ Ω̂, it then follows from (A.1) that

F̂ = F0Ĥ + V̂ ′G(X)F ′
0F̂ /(nT )Ω̂

−1 + F0G(X)′V̂ F̂ /(nT )Ω̂−1 + V̂ ′V̂ /(nT )F̂ Ω̂−1. (A.2)

Thus, it follows from (A.2) and Lemma 1 that

∥F̂ − F0Ĥ∥/
√
T ≤ OP (1) ·

∥V̂ ∥√
nT

· ∥F0∥√
T

· ∥F̂ ∥√
T

· ∥G(X)∥√
n

+OP (1) ·
∥F̂ ∥√
T

· ∥V̂ ∥2

nT
= OP (εnT ).

Then the first part of Theorem 1 follows.

Next, similar to the proof of Proposition 1 in Bai (2003) it can be shown that Ĥ →
H > 0. Thus, Ĥ is invertible with probability approaching 1. Note that Ĝ(X) = Ŷ F̂ /T =

G(X)F ′
0F̂ /T + V̂ F̂ /T . Write F0 = F̂ Ĥ−1 + F0 − F̂ Ĥ−1, then

Ĝ(X) = G(X)(Ĥ ′)−1 +G(X)(F0 − F̂ Ĥ−1)′F̂ /T + V̂ F̂ /T,

and thus

∥Ĝ(X)−G(X)(Ĥ ′)−1∥/
√
n ≤ ∥G(X)∥√

n
· ∥F0 − F̂ Ĥ−1∥√

T
· ∥F̂ ∥√

T
+

∥V̂ ∥√
nT

· ∥F̂ ∥√
T

= OP (εnT ).

Then the second part of Theorem 1 follows.

Finally, note that B̂ = ÂF̂ /T = B0(F
′
0F̂ /T ) + (Â−A0)F̂ /T . It follows from Proposition

1 that

∥B̂ −B0(F
′
0F̂ /T )∥ ≤ ∥Â−A0∥√

T
· ∥F̂ ∥√

T
= OP (εnT ). (A.3)

Thus, for any x ∈ X ,

ĝ(x)′ = ϕkn(x)
′B̂ = ϕkn(x)

′B0(F
′
0F̂ /T ) + ϕkn(x)

′
(
B̂ −B0(F

′
0F̂ /T )

)
= g(x)′(Ĥ−1)′ + (ϕkn(x)

′B0 − g(x)′)(F ′
0F̂ /T ) + ϕkn(x)

′
(
B̂ −B0(F

′
0F̂ /T )

)
+OP (εnT ).

Thus, it follows from (A.3) and Assumption 1 that

sup
X

∥∥∥ĝ(x)− Ĥ−1g(x)
∥∥∥ ≤ OP (k

−α
n ) + sup

X
∥ϕkn(x)∥ ·OP (εnT ) = OP (

√
knεnT ).

This completes the proof.
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Lemma 3. Let ξit = g(xi)
′f0t−a′

0tϕkn(xi) and ψit = F (−ξit)−1{uit ≤ −ξit}. If Assumptions

1 to 3 hold, then√√√√ 1

T

T∑
t=1

∥∥∥∥∥ât − a0t − f−1(0) · Σ̂−1
ϕ · 1

n

n∑
i=1

ψitϕkn(xi)

∥∥∥∥∥
2

= OP

(
k−α
n

)
+OP (ηnT ) .

Proof. Step 1: For any a ∈ RDkn define:

mt(a) =
1

n

n∑
i=1

[
τ − 1{uit ≤ (a− a0t)

′ϕkn(xi)− ξit}
]
ϕkn(xi),

m∗
t (a) =

1

n

n∑
i=1

[
τ − F

(
(a− a0t)

′ϕkn(xi)− ξit
)]

ϕkn(xi).

Since F (−ξit) = τ − f (−ξ∗it) · ξit where ξ∗it is between 0 and ξit, it follows that

m∗
t (a0t) =

1

n

n∑
i=1

f (−ξ∗it) · ξit · ϕkn(xi). (A.4)

Taylor Expansion of m∗
t (ât) around a0t gives

m∗
t (ât) = m∗

t (a0t)−M∗
t (ãt) · (ât − a0t) (A.5)

where ãt is between a0t and ât and

M∗
t (ãt) = −∂m

∗
t (a)

∂a′ |a=ãt =
1

n

n∑
i=1

f
(
(ãt − a0t)

′ϕkn(xi)− ξit
)
· ϕkn(xi)ϕkn(xi)

′. (A.6)

By Assumption 3(ii) one can write

M∗
t (ãt) = f(0) · Σ̂ϕ + n−1Φ(X)′D∗

tΦ(X), (A.7)

where Σ̂ϕ = n−1Φ(X)′Φ(X) and D∗
t is a n × n diagonal matrix whose diagonal elements are

bounded in absolute values by L |(ãt − a0t)
′ϕkn(xi)− ξit|. Note that by Lemma 1,

max
1≤t≤T

∥D∗
t ∥S ≲ max

i,t

∣∣(ãt − a0t)
′ϕkn(xi)− ξit

∣∣
≤ max

1≤t≤T
∥ât − a0t∥ ·OP (

√
kn) +OP (k

−α
n ) = OP (

√
knεnT ). (A.8)

Moreover, one can write

m∗
t (ât) = mt(ât)− m̃t(a0t) + [m̃t(a0t)− m̃t(ât)] (A.9)
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where m̃t(a) = mt(a)−m∗
t (a). It then follows from (A.5) (A.7) and (A.9) that

ât − a0t − f−1(0) · Σ̂−1
ϕ · m̃t(a0t) = f−1(0) · Σ̂−1

ϕ{
m∗

t (a0t)−mt(ât)− [m̃t(a0t)− m̃t(ât)]− n−1Φ(X)′D∗
tΦ(X)(ât − a0t)

}
,

where

m̃t(a0t) =
1

n

n∑
i=1

[F (−ξit)− 1{uit ≤ −ξit}]ϕkn(xi) =
1

n

n∑
i=1

ψitϕkn(xi).

Since f(0) is bounded below, and λmin(Σ̂ϕ) is bounded below with probability approaching 1, it

suffices to show that

max
1≤t≤T

∥m∗
t (a0t)∥ = OP (k

−α
n ), (A.10)

max
1≤t≤T

∥mt(ât)∥ = OP (k
3/2
n /n), (A.11)

1

T

T∑
t=1

∥m̃t(a0t)− m̃t(ât)∥2 = OP

(
η2nT
)
, (A.12)

max
1≤t≤T

∥∥n−1Φ(X)′D∗
tΦ(X)(ât − a0t)

∥∥ = OP (
√
knε

2
nT ). (A.13)

Step 2: By (A.4) and Assumption 1,

max
1≤t≤T

∥m∗
t (a0t)∥

= max
1≤t≤T

∥∥∥∥∥ 1n
n∑

i=1

f (−ξ∗it) · ξit · ϕkn(xi).

∥∥∥∥∥
≤ max

1≤t≤T

∥∥∥∥∥ 1n
n∑

i=1

f (0) · ξit · ϕkn(xi)

∥∥∥∥∥+OP

(
k1/2−2α
n

)
.

Define zit = f (0) · ξit and zt = (z1t, . . . , znt)
′, then

1

n

n∑
i=1

f (0) · ξit · ϕkn(xi) = n−1Φ(X)′zt

and

max
1≤t≤T

∥∥∥∥∥ 1n
n∑

i=1

f (0) · ξit · ϕkn(xi)

∥∥∥∥∥
= max

1≤t≤T

∥∥n−1Φ(X)′zt
∥∥ ≤

∥∥∥n−1/2Φ(X)
∥∥∥
S
· max
1≤t≤T

∥∥∥n−1/2zt

∥∥∥ = OP (k
−α
n ).
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In sum, we have

max
1≤t≤T

∥m∗
t (a0t)∥ = OP (k

1/2−2α
n ) +OP (k

−α
n ) = OP (k

−α
n ),

which gives (A.10).

Step 3: Similar to the proof of Lemma A4 of Horowitz and Lee (2005) it can be shown that

max
1≤t≤T

∥mt(ât)∥ = OP (k
3/2
n /n),

which gives (A.11).

Step 4: By (A.8) and Lemma 1

max
1≤t≤T

∥∥n−1Φ(X)′D∗
tΦ(X)(ât − a0t)

∥∥
≤ ∥Φ(X)/

√
n∥2S · max

1≤t≤T
∥D∗

t ∥S · max
1≤t≤T

∥ât − a0t∥ = OP (
√
knε

2
nT ),

which gives (A.13).

Step 5: Define:

δ1t(α) =
1

n

n∑
i=1

[
1{uit ≤ (a− a0t)

′ϕkn(xi)− ξit} − 1{uit ≤ −ξit}
]
ϕkn(xi),

δ2t(α) =
1

n

n∑
i=1

[
F
(
(a− a0t)

′ϕkn(xi)− ξit
)
− F (−ξit)

]
ϕkn(xi),

δ̃1t(α) = δ1t(α)− E[δ1t(α)], δ̃2t(α) = δ2t(α)− E[δ2t(α)].

Note that E[δ1t(α)] = E[δ2t(α)] because δ2t(α) = E[δ1t(α)|xi]. Then m̃t(ât) − m̃t(a0t) =

δ̃2t(ât)− δ̃1t(ât), and

1

T

T∑
t=1

∥m̃t(ât)− m̃t(a0t)∥2 ≤
1

T

T∑
t=1

∥∥∥δ̃1t(ât)
∥∥∥2 + 1

T

T∑
t=1

∥∥∥δ̃2t(ât)
∥∥∥2 . (A.14)

In what follows, we will show that

1

T

T∑
t=1

∥∥∥δ̃1t(ât)
∥∥∥2 = OP

(
ln(k−1/4

n ε
−1/2
nT ) · k5/2n εnTn

−1
)
, (A.15)

1

T

T∑
t=1

∥∥∥δ̃2t(ât)
∥∥∥2 = OP

(
ln(k−1/2

n ε−1
nT ) · k

3
nε

2
nTn

−1
)
, (A.16)
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which imply (A.12) and therefore complete the proof. We will focus on the proof of (A.15) since

the proof of (A.16) is similar.

Let ϕjd(xi) be the jdth element of ϕkn(xi) for j = 1, . . . , kn; d = 1, . . . , D, and define

∆it(α,xi) = 1{uit ≤ (a− a0t)
′ϕkn(xi)− ξit} − 1{uit ≤ −ξit}.

Then for some C > 0, with probability approach 1,

1

T

T∑
t=1

∥∥∥δ̃1t(ât)
∥∥∥2 ≤ 1

n
· 1
T

T∑
t=1

kn∑
j=1

D∑
d=1

sup
∥a−a0t∥≤CεnT

∣∣∣∣∣ 1√
n

n∑
i=1

{∆it(α,xi)ϕjd(xi)− E[∆it(α,xi)ϕjd(xi)]}

∣∣∣∣∣
2

We will show that

E

 sup
∥a−a0t∥≤CεnT

∣∣∣∣∣ 1√
n

n∑
i=1

{∆it(α,xi)ϕjd(xi)− E[∆it(α,xi)ϕjd(xi)]}

∣∣∣∣∣
2


= O
(
ln(k−1/4

n ε
−1/2
nT ) · k3/2n εnT

)
(A.17)

uniformly in t and j, from which (A.15) follows.

Define HεnT = {h(a,xi) ≡ ∆it(α,xi)ϕjd(xi) − E[∆it(α,xi)ϕjd(xi)] : ∥a − a0t∥ ≤ CεnT },
and for any h ∈ HεnT define Gnh = n−1/2

∑n
i=1 h(a,xi). Write

sup
∥a−a0t∥≤Cεn

∣∣∣∣∣ 1√
n

n∑
i=1

{∆it(α,xi)ϕjd(xi)− E[∆it(α,xi)ϕjd(xi)]}

∣∣∣∣∣ = ∥Gnh∥HεnT
,

then the left-hand side of (A.17) can be written as E ∥Gnh∥2HεnT
. Let N(HεnT , L2(Q), ϵ) be the

covering number of HεnT , where L2(Q) is the L2 norm for functions and Q is any probability

measure on X . Similar to the proof of (A.12) in Kato et al. (2012), it can be shown that

N(HεnT , L2(Q), 2ϵ) ≤ (A/ϵ)c1kn for some bounded constant c1 and A ≥ 3
√
e that do not depend

on t and j. Moreover, it is easy to show that suph∈HεnT
E[h2(a,xi)] ≤ c22

√
knεn for some bounded

constant c2. Then, applying Proposition B.1 of Kato et al. (2012), we have

E ∥Gnh∥HεnT
≤ c3

[
· ln(c4k−1/4

n ε
−1/2
nT ) · kn/

√
n+

√
ln(c4k

−1/4
n ε

−1/2
nT ) · k3/4n ε

1/2
nT

]
≤ c5

√
ln(k

−1/4
n ε

−1/2
nT ) · k3/4n ε

1/2
nT , (A.18)

where c3, c4, c5 are bounded constants that do not depend on t and j. Finally, (A.17) follows by

noting that (see Chapter 6 of Ledoux and Talagrand 1991)

E ∥Gnh∥2HεnT
≤
(
E ∥Gnh∥HεnT

)2
+O(n−1).
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This completes the proof.

Proof of Theorem 2:

Proof. Let Ψ be the n× T matrix of ψit, then the result of Lemma 2 can be written as∥∥∥Â−A0 − f(0)−1 · Σ̂−1
ϕ Φ′(X)Ψ/n

∥∥∥ /√T = OP

(
k−α
n

)
+OP (ηnT ) . (A.19)

From (A.2) and Lemma 1 we have

∥F̂ − F0Ĥ∥/
√
T ≤ OP (1) · ∥F0G(X)′V̂ /(nT )∥S +OP (ε

2
nT ). (A.20)

Define R(X) = Φ(X)B0 −G(X), then by Assumption 1(ii) ∥R(X)∥/
√
n = OP (k

−α
n ). More-

over, we can write

V̂ = Ŷ −G(X)F ′
0

= Φ(X)Â−G(X)F ′
0

= Φ(X)Â−Φ(X)A0 +Φ(X)A0 −G(X)F ′
0

= Φ(X)(Â−A0) +R(X)F ′
0.

Thus,

F0G(X)′V̂ /(nT )

= F0(Φ(X)B0 −R(X))′[Φ(X)(Â−A0) +R(X)F ′
0]/(nT )

= F0B
′
0Φ(X)′Φ(X)(Â−A0)/(nT )− F0R(X)′Φ(X)(Â−A0)/(nT )

+F0G(X)′R(X)F ′
0/(nT ).

It then follows from Theorem 1 and Lemma 1 that

∥F0G(X)′V̂ /(nT )∥S ≤ ∥F0B
′
0Φ(X)′Φ(X)(Â−A0)/(nT )∥S +OP (k

−α
n ).

The above inequality and (A.20) imply that

∥F̂ − F0Ĥ∥/
√
T ≤ ∥F0B

′
0Φ(X)′Φ(X)(Â−A0)/(nT )∥S +OP (k

−α
n ) +OP (ε

2
nT ). (A.21)
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By (A.19) and Assumption 1(ii), we have

∥F0B
′
0Φ(X)′Φ(X)(Â−A0)/(nT )∥S

≤ f(0)−1∥B′
0Φ(X)′Φ(X)Σ̂−1

ϕ Φ′(X)Ψ/(n2T 1/2)∥S +OP

(
k−α
n + ηnT

)
= f(0)−1∥B′

0Φ
′(X)Ψ/(nT 1/2)∥S +OP

(
k−α
n + ηnT

)
≤ f(0)−1∥G′(X)Ψ/(nT 1/2)∥+ ∥G(X)−Φ(X)B0∥/

√
n · ∥Ψ∥/

√
nT +OP

(
k−α
n + ηnT

)
= f(0)−1∥G′(X)Ψ/(nT 1/2)∥+OP

(
k−α
n + ηnT

)
.

Note that

∥G′(X)Ψ/(nT 1/2)∥ =
1√
n
·

√√√√ 1

T

T∑
t=1

∥∥∥∥∥ 1√
n

n∑
i=1

g(xi)ψit

∥∥∥∥∥
2

= OP (n
−1/2)

because it is easy to see that E
∥∥n−1/2

∑n
i=1 g(xi)ψit

∥∥2 <∞ for all t. It then follows from (A.21)

that

∥F̂ − F0Ĥ∥/
√
T = OP (n

−1/2) +OP (k
−α
n ) +OP (ηnT ) +OP (ε

2
nT ).

This completes the proof.

Lemma 4. Under Assumptions 1, 2 and 4, we have∥∥∥Â−A0 −Σ−1
fϕ Φ′(X)Ψ(X)/n

∥∥∥ /√T = OP

(
k−α
n

)
+OP (ηnT ) .

where ψit(xi) = F (−ξit|xi)− 1{uit ≤ −ξit} and Ψ(X) is the n× T matrix of ψit(xi).

Proof. The proof is similar to the proof of Lemma 3. Therefore, it is omitted to save space.

Proof of Theorem 3:

Proof. By the proof of Theorem 1, for any x ∈ X ,

ĝ(x) = (F ′
0F̂ /T )

′g(x) + (F ′
0F̂ /T )

′(B′
0ϕkn(x)− g(x)) + (B̂ −B0(F

′
0F̂ /T ))

′ϕkn(x).

Moreover,

B̂ −B0(F
′
0F̂ /T ) = (Â−A0)F0Ĥ/T + (Â−A0)(F̂ − F0Ĥ)/T.

Thus, by Lemma 1 and Theorem 1,

ĝ(x)− (F ′
0F̂ /T )

′g(x) = Ĥ ′F ′
0(Â−A0)

′ϕkn(x)/T +OP (k
−α
n ) +OP (ε

2
nT

√
kn).
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It then follows from Lemma 3 that

ĝ(x)− (F ′
0F̂ /T )

′g(x) = Ĥ ′F ′
0Ψ

′(X)Φ(X)Σ−1
fϕ ϕkn(x)/(nT ) +OP (k

1/2−α
n ) +OP (

√
knηnT ).

Define dT (xi) = T−1
∑T

t=1 f0tψit(xi), q(xi) = ϕkn(xi)
′Σ−1

fϕ ϕkn(x), then we can write

F ′
0Ψ

′(X)Φ(X)Σ−1
fϕ ϕkn(x)/(nT ) =

1

n

n∑
i=1

dT (xi)q(xi).

Note that E[dT (xi)q(xi)] = 0 because E[dT (xi)|xi] = 0, and it is easy to show that

E[dT (xi)dT (xi)
′q2(xi)] = τ(1− τ)(F ′

0F0/T
2)ϕ′

kn(x)Σ
−1
fϕ ΣϕΣ

−1
fϕ ϕkn(x) + o(1)

= τ(1− τ)(F ′
0F0/T

2)σ2kn + o(1).

Thus, we have

Σ
−1/2
T,τ (Ĥ ′)−1 ·

√
nT

σkn

(
ĝ(x)− (F ′

0F̂ /T )
′g(x)

)
= Σ

−1/2
T,τ · 1√

n

n∑
i=1

√
TdT (xi)q(xi)/σkn

+OP (k
1/2−α
n +

√
knηnT )

√
nTσ−1

kn
. (A.22)

Finally, it follows from Lyapunov’s CLT and Assumption 4(iv) that

Σ
−1/2
T,τ (Ĥ ′)−1 ·

√
nT

σkn

(
ĝ(x)− (F ′

0F̂ /T )
′g(x)

)
d→ N(0, IR).

This completes the proof.

Proof of Theorem 4:

Proof. Define R(X) = Φ(X)B0 −G(X), we can write

Ŷ = Φ(X)A0 +Φ(X)(Â−A0) = G(X)F ′
0 +R(X)F ′

0 +Φ(X)(Â−A0).

Thus,

F̃0 = Ŷ ′Ĝ(X) · (Ĝ(X)′Ĝ(X))−1 = F0(G(X)′Ĝ(X)/n)(Ĝ(X)′Ĝ(X)/n)−1

+ F0(R(X)′Ĝ(X)/n)(Ĝ(X)′Ĝ(X)/n)−1 + (Â−A0)
′(Φ(X)′Ĝ(X)/n)(Ĝ(X)′Ĝ(X)/n)−1,

11



and

f̃t − H̃ ′f0t = (Ĝ(X)′Ĝ(X)/n)−1(Ĝ(X)′R(X)/n)f0t

+ (Ĝ(X)′Ĝ(X)/n)−1(Ĝ(X)′Φ(X)/n)(ât − a0t).

It is easy to see from Theorem 1 and Assumption 1(ii) that the first term on the right-hand side

of the above equation is OP (k
−α
n ). Moreover, by Lemma 3, the second term can be written as

(Ĝ(X)′Ĝ(X)/n)−1 · (Ĝ(X)′Φ(X)/n) ·Σ−1
fϕ · 1

n

n∑
i=1

ϕkn(xi)ψit(xi) +OP (k
−α
n ) +OP (ηnT ).

By Theorem 1 we can show that

∥(Ĝ(X)′Ĝ(X)/n)−1 − Ĥ ′Σ−1
g Ĥ∥ = OP (εnT ),

∥(Ĝ(X)′Φ(X)/n)− Ĥ−1E[g(xi)ϕkn(xi)
′]∥S = OP (εnT ),∥∥∥∥∥ 1n

n∑
i=1

ϕkn(xi)ψit(xi)

∥∥∥∥∥ = OP (
√
kn/n),

it then follows from Assumption 4(iii) that

(Ĥ ′)−1√n(f̃t − H̃ ′f0t) = Σ−1
g E[g(xi)ϕkn(xi)

′]Σ−1
fϕ

(
1√
n

n∑
i=1

ϕkn(xi)ψit(xi)

)
+OP (εnTk

1/2
n ) +OP (n

1/2k−α
n ) +OP (n

1/2ηnT ).

By the Lyapunov’s CLT we can show that

1√
n

n∑
i=1

ϕkn(xi)ψit(xi)
d→ N(0, τ(1− τ)Σϕ),

then the desired result follows from Assumption 5.

Lemma 5. Denote the eigenvalues of Σ̂g · F ′
0F0/T as ρ1, . . . , ρR. Then, for j = 1, . . . , R, it

holds that ρ̂j = ρj +OP (εnT ).

Proof. Denote the estimation error of using Ŷ to estimate G(X)F ′ as V̂ = Ŷ −G(X)F ′. From

Lemma 2, it holds that (nT )1/2||V̂ || = OP (εnT ). Define F ∗ = F + V̂ ′G(X)(G(X)′G(X))−1.

For any matrix A, let ϱj(A) be the j-th largest eigenvalue of A. To complete the proof, it suffices

to show the following two statements:

1. ρ̂j = ϱj(F
∗G(X)′G(X)F ∗′/nT ) +OP (ε

2
nT ).
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2. ϱj(F
∗G(X)′G(X)F ∗′/nT ) = ρj +OP (εnT ).

First, we can rewrite Ŷ = G(X)F ∗′+Q(G)V̂ whereQ(G) = (I−G(X)(G(X)′G(X))−1G(X)′).

This implies that
Ŷ ′Ŷ

nT
=

F ∗G(X)′G(X)F ∗′

nT
+

V̂ ′Q(G)V̂

nT
.

By Weyl inequality, for every k = 1, . . . , R, we have that

k∑
j=1

ϱj

(
Ŷ ′Ŷ

nT

)
≤

k∑
j=1

ϱj

(
F ∗G(X)′G(X)F ∗′

nT

)
+ k · ϱ1

(
V̂ ′Q(G)V̂

nT

)
,

where

k · ϱ1

(
V̂ ′Q(G)V̂

nT

)
≤ k · ϱ1

(
V̂ ′V̂

nT

)
≤
∣∣∣∣∣∣∣∣ V̂√

nT

∣∣∣∣∣∣∣∣2 = OP (ε
2
nT ),

which means that

k∑
j=1

ϱj

(
Ŷ ′Ŷ

nT

)
≤

k∑
j=1

ϱj

(
F ∗G(X)′G(X)F ∗′

nT

)
+OP (ε

2
nT ). (A.23)

Additionally, for k = 1, . . . , R, suppose Ξ∗
k is the matrix of eigenvectors corresponding to the

k largest eigenvalues of F ∗G(X)′G(X)F ∗′/nT , such that Ξ∗′
k Ξ

∗
k/T = Ik. Then, for any k =

1, . . . , R, it holds that

k∑
j=1

ϱj

(
Ŷ ′Ŷ

nT

)
≥ trace

(
Ξ∗′
k

Ŷ ′Ŷ

nT 2
Ξ∗
k

)
= trace

(
Ξ∗′
k

F ∗G(X)′G(X)F ∗′

nT 2
Ξ∗
k

)
+trace

(
Ξ∗′
k

V̂ ′Q(G)V̂

nT 2
Ξ∗
k

)
,

where

trace

(
Ξ∗′
k

F ∗G(X)′G(X)F ∗′

nT 2
Ξ∗
k

)
=

k∑
j=1

ϱj

(
F ∗G(X)′G(X)F ∗′

nT

)
,

and

trace

(
Ξ∗′
k

V̂ ′Q(G)V̂

nT 2
Ξ∗
k

)
=trace

(
Ξ∗′
k

V̂ ′V̂

nT 2
Ξ∗
k

)
− trace

(
Ξ∗′
k

V̂ ′(G(X)(G(X)′G(X))−1G(X)′)V̂

nT 2
Ξ∗
k

)

≤
∣∣∣∣∣∣∣∣ Ξ∗

k√
T

∣∣∣∣∣∣∣∣2∣∣∣∣∣∣∣∣ V̂√
nT

∣∣∣∣∣∣∣∣2 + ∣∣∣∣∣∣∣∣ Ξ∗
k√
T

∣∣∣∣∣∣∣∣2∣∣∣∣∣∣∣∣ V̂√
nT

∣∣∣∣∣∣∣∣2∣∣∣∣∣∣∣∣G(X)(G(X)′G(X))−1G(X)′
∣∣∣∣∣∣∣∣2

=OP (ε
2
nT )

Hence,
k∑

j=1

ϱj

(
Ŷ ′Ŷ

nT

)
≥

k∑
j=1

ϱj

(
F ∗G(X)′G(X)F ∗′

nT

)
+OP (ε

2
nT ). (A.24)
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Therefore, (A.23) and (A.24) complete the proof of statement 1.

Next, to prove statement 2, let us denote P (G) = G(X)(G(X)′G(X))−1G(X)′, and rewrite

F ∗G(X)′G(X)F ∗′ = FG(X)′G(X)F
′
+ V̂ ′G(X)F

′
+ FG(X)′V̂ + V̂ ′P (G)V̂ .

The proof proceeds as follows. First, define Ξk as the matrix of eigenvectors corresponding the k

largest eigenvalues of FG(X)′G(X)F
′
/nT such that Ξ′

kΞk/T = Ik. Then, for any k = 1, . . . , R

we have that

k∑
j=1

ϱj

(
F ∗G(X)′G(X)F ∗′

nT

)
=trace

(
Ξ∗′
k

FG(X)′G(X)F
′

nT 2
Ξ∗
k

)
+

2trace

(
Ξ∗′
k

FG(X)′V̂

nT 2
Ξ∗
k

)
+

trace

(
Ξ∗′
k

V̂ ′P (G)V̂

nT 2
Ξ∗
k

)
,

where

trace

(
Ξ∗′
k

FG(X)′G(X)F
′

nT 2
Ξ∗
k

)
≤ trace

(
Ξ

′
k

FG(X)′G(X)F
′

nT 2
Ξk

)
=

k∑
j=1

ρj ,

trace

(
Ξ∗′
k

FG(X)′V̂

nT 2
Ξ∗
k

)
≤
∣∣∣∣∣∣∣∣ Ξ∗

k√
T

∣∣∣∣∣∣∣∣2∣∣∣∣∣∣∣∣ F√T
∣∣∣∣∣∣∣∣ ∣∣∣∣∣∣∣∣G(X)√

n

∣∣∣∣∣∣∣∣ ∣∣∣∣∣∣∣∣ V̂√
nT

∣∣∣∣∣∣∣∣ = OP (εnT ),

and

trace

(
Ξ∗′
k

V̂ ′P (G)V̂

nT 2
Ξ∗
k

)
≤
∣∣∣∣∣∣∣∣ Ξ∗

k√
T

∣∣∣∣∣∣∣∣2∣∣∣∣∣∣∣∣ V̂√
nT

∣∣∣∣∣∣∣∣2∣∣∣∣∣∣∣∣G(X)(G(X)′G(X))−1G(X)′
∣∣∣∣∣∣∣∣ = OP (ε

2
nT ).

Combining these inequalities, we get

k∑
j=1

ϱj

(
F ∗G(X)′G(X)F ∗′

nT

)
≤

k∑
j=1

ρj +OP (εnT ). (A.25)

Second, using similar reasoning, we have that
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k∑
j=1

ϱj

(
F ∗G(X)′G(X)F ∗′

nT

)
≥trace

(
Ξ

′
k

F ∗G(X)′G(X)F ∗′

nT 2
Ξk

)

=trace

(
Ξ

′
k

FG(X)′G(X)F
′

nT 2
Ξk

)
+ 2trace

(
Ξ

′
k

FG(X)′V̂

nT 2
Ξk

)

+ trace

(
Ξ

′
k

V̂ ′P (G)V̂

nT 2
Ξk

)

=

k∑
j=1

ρj +OP (εnT ), (A.26)

In this fashion, statement 2 is also proven by (A.25) and (A.26), so that the proof of Lemma 5

is completed.

Lemma 6. Define ψ̃it = τ−1{uit ≤ 0}, Ψ̃ as n×T matrix of ψ̃it, and let s̃t =
1√
n

∑n
i=1ϕkn(xi)ψ̃it.

Then, for j = 1, 2, . . . , [bmin(T,Dkn)] where b ∈ (0, 1), there exist two strictly positive constants

cs and c̄s, such that

1. When Dkn/T → c ∈ [0,∞), cs + oP (1) < ϱj

(
1
T

∑T
t=1 s̃ts̃

′
t

)
≤ c̄s + oP (1)

2. When Dkn/T → ∞, cs + oP (1) ≤ ϱj

(
1

Dkn

∑T
t=1 s̃ts̃

′
t

)
≤ c̄s + oP (1)

Proof. Note that E[(τ − 1{uit ≤ 0})2|X] = τ(τ − 1)2 + (1− τ)τ2 = τ − τ2 for each i = 1, . . . , n

and, by Assumption 6(i), t = 1, . . . , T , and E[(τ − 1{uit ≤ 0})(τ − 1{ujt ≤ 0})|X] = 0 for each

i ̸= j and t = 1, . . . , T . Then, we have

E[s̃ts̃′t|X] =
1

n

n∑
i=1

[ϕkn(xi)ϕkn(xi)
′E[(τ − 1{uit ≤ 0)2|X]] = (τ − τ2)Σ̂ϕ.

Define the isotropic vector s̄t = ((τ − τ2)Σ̂ϕ)
−1/2s̃t. Then, we have that

E[s̄t|X] = 0, E[s̄ts̄′t|X] = IDkn .

By Assumption 6(i), s̄t is i.i.d. conditional on X. Rewrite

1

T

T∑
t=1

s̃ts̃
′
t = ((τ − τ2)Σ̂ϕ)

1/2 · 1
T

T∑
t=1

s̄ts̄
′
t · ((τ − τ2)Σ̂ϕ)

1/2 · .
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Then for any j = 1, . . . ,min(Dkn, T ), it holds that

(τ − τ2)λmin(Σ̂ϕ)ϱj

(
1

T

T∑
t=1

s̄ts̄
′
t

)
≤ ϱj

(
1

T

T∑
t=1

s̃ts̃
′
t

)
≤ (τ − τ2)λmax(Σ̂ϕ)ϱj

(
1

T

T∑
t=1

s̄ts̄
′
t

)
.

Further, note that Σ̂ϕ = 1
n

∑n
i=1ϕkn(xi)ϕkn(xi)

′ and each entry of ϕkn(xi) is bounded above.

It follows from Theorem 5.6.1 of Vershynin (2018) that

∥Σ̂ϕ −Σϕ∥S = OP

(√
kn log kn

n
+
kn log kn

n

)
= oP (1).

Consequently, |λmin(Σ̂ϕ)−λmin(Σϕ)| = oP (1) and |λmax(Σ̂ϕ)−λmax(Σϕ)| = oP (1) and it holds

with probability approaching 1 that

(τ − τ2)λmin(Σϕ)ϱj

(
1

T

T∑
t=1

s̄ts̄
′
t

)
≤ ϱj

(
1

T

T∑
t=1

s̃ts̃
′
t

)
≤ (τ − τ2)λmax(Σϕ)ϱj

(
1

T

T∑
t=1

s̄ts̄
′
t

)
.

(A.27)

Note that s̄t = 1√
n

∑n
i=1((τ − τ2)Σ̂ϕ)

−1/2ϕkn(xi)ψ̃it is a sum of independent random vector

conditional on X. Define them as s̄it = ((τ − τ2)Σ̂ϕ)
−1/2ϕkn(xi)ψ̃it. Then, we have that

E[s̄it|X] = 0,
n∑

i=1

E[s̄its̄′it|X] = ((τ − τ2)Σ̂ϕ)
−1

n∑
i=1

(τ − τ2)ϕkn(xi)ϕkn(xi)
′ = nIDkn .

Therefore, ||s̄it|| ≤ ||((τ − τ2)Σ̂ϕ)
−1/2||S · ||ϕ(xi)|| · |ψ̃it| = OP (

√
kn). Let νt and γ be the

probability measures of s̄t and of a multivariate Gaussian N (0, IDkn), respectively. Moreover,

suppose Π(νt, γ) is the collection of all joint distributions π on RDkn×RDkn whose first marginal

is νt and second marginal is γ, namely, π(B,RDkn) = νt(B) and π(RDkn , B) = γ(B) for all Borel

sets B in RDkn .

Next, define the Wasserstein distance between two probability measures

W2(ν, γ) =

(
inf

π∈Π(ν,γ)

∫
RDkn×RDkn

||y − x||2π(dx, dy)
)1/2

Then, it follows from Theorem 12 in Bonis (2020) that there exists a constant C > 0 such that

for each t = 1, . . . , T ,

C ·W2(νt, γ) ≤
(
∑n

i=1 E[||s̄it||4])1/3

n2/3
+

(
∑n

i=1 E[||s̄it||4])1/2

n

+
(
∑n

i=1 ||E[s̄its̄′it]||2)1/2

n
+

(
M(0)M(2)

n

)1/2

,
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where, for l ∈ [0, 2],

M(l) =

(
1

n

n∑
i=1

||E[s̄its̄′it]||2E[||s̄it||l]2 + ||E[s̄its̄′it||s̄it||l]||2
)1/2

.

Therefore,

M(0) =

(
1

n

n∑
i=1

2||E[s̄its̄′it]||2
)1/2

≤ (O(2k2n))
1/2 = O(kn),

M(2) =

(
1

n

n∑
i=1

||E[s̄its̄′it]||2E[||s̄it||2]2 + ||E[s̄its̄′it||s̄it||2]||2
)1/2

≤ (O(2k4n))
1/2 = O(k2n).

We next analyze the following four terms:

(
∑n

i=1 E[||s̄it||4])1/3

n2/3
≤(n ·O(k2n))

1/3

n2/3
= O

(
k
2/3
n

n1/3

)
= o(1),

(
∑n

i=1 E[||s̄it||4])1/2

n
≤(n ·O(k2n))

1/2

n
= O

(
kn

n1/2

)
= o(1),

(
∑n

i=1 ||E[s̄its̄′it]||2)1/2

n
≤(n ·O(k2n))

1/2

n
= O

(
kn

n1/2

)
= o(1),(

M(0)M(2)

n

)1/2

≤
(
O(kn)O(k2n)

n

)1/2

= O

(
k
3/2
n

n1/2

)
= o(1).

Suppose that δn = k
2/3
n

n1/3 + kn
n1/2 + k

3/2
n

n1/2 . Then, there exists ¯̄st
d
= s̄t and multivariate Gaussian

random vectors dt ∼ N (0, IDkn) such that (¯̄st,dt) are mutually independent across t, and

E[||¯̄st − dt||] ≤W2(νt, γ) = O (δn) = o(1).

Define ¯̄S = [¯̄s1, ¯̄s2, . . . , ¯̄sT ], and D = [d1,d2, . . . ,dT ]. Since dt ∼ N (0, Ikn) and {dt}Tt=1 are

mutually independent, D consists of real independent Gaussian random variables. In addi-

tion, noting that || ¯̄S −D||2 ≤
∑T

t=1 ||¯̄st − dt||2 = OP (Tδ
2
n), and

1
T

∑T
t=1

¯̄st¯̄s
′
t =

1
T
¯̄S ¯̄S′, Weyl’s

inequality implies that, for j = 1, . . . ,min(T,Dkn), the following result holds∣∣∣∣ϱj ( 1

T
¯̄S ¯̄S′

)
− ϱj

(
1

T
DD′

)∣∣∣∣ ≤ 2
||D||S√

T
· ||

¯̄S −D||√
T

+
|| ¯̄S −D||2

T
=

||D||S√
T

·OP (δn) +OP (δ
2
n).

(A.28)

(i) When Dkn/T → 0, note that dt is i.i.d standard normal and thus sub-Gaussian. Therefore,

by Theorem 4.7.1 in Vershynin (2018), there exists a bounded constant C such that, for each

17



u > 0,

Pr

[∣∣∣∣∣∣∣∣ 1TDD′ − IDkn

∣∣∣∣∣∣∣∣
S

≤ C

(√
Dkn + u

T
+
Dkn + u

T

)
||IDkn ||S

]
≥ 1− 2 exp(−u).

Moreover, since u is arbitrarily chosen and ||IDkn ||S = 1, when Dkn/T → 0, we have that∣∣∣∣∣∣∣∣ 1TDD′ − IDkn

∣∣∣∣∣∣∣∣
S

= oP (1) ⇒
1

T
λmax(DD′) ≤ 1 +

∣∣∣∣∣∣∣∣ 1TDD′ − IDkn

∣∣∣∣∣∣∣∣
S

= 1 + oP (1)

⇒||D||S√
T

=

√
1

T
λmax(DD′) = OP (1).

which implies that the left-hand side of (A.28) is oP (1), so that ϱj

(
1
T

∑T
t=1

¯̄st¯̄s
′
t

)
P→ 1 for

j = 1, 2, . . . , Dkn. Since ¯̄st
d
= s̄t, we have ϱj

(
1
T

∑T
t=1 s̄ts̄

′
t

)
P→ 1. Then it follows from (A.27)

that with probability approaching 1, for j = 1, 2, . . . , Dkn,

(τ − τ2)λmin(Σϕ) ≤ ϱj

(
1

T

T∑
t=1

s̃ts̃
′
t

)
≤ (τ − τ2)λmax(Σϕ).

(ii) When Dkn/T → c ∈ (0, 1], on one hand, it follows from Theorem II.13 in Davidson and

Szarek (2001) that for any u > 0,

Pr

(√
ϱ1

(
1

T
DD′

)
≥ 1 +

√
Dkn
T

+ u

)
< exp

(
−Tu

2

2

)
. (A.29)

Since u is arbitrary and in this case, T → ∞, ||D||S√
T

= OP (1) so that (A.28) is still oP (1).

On the other hand, note that D is a Dkn × T matrix. Choose a real number b ∈ (0, 1)

and let D[bDkn] be the [bDkn] × T row submatrix consisting of the first [bDkn] rows of D.

Then D[bDkn]D
′
[bDkn]

is the [bDkn]× [bDkn] principal submatrix of DD′. Due to the Sturmian

Separation theorem (see page 64 of Rao et al. (1973)), it holds that

ϱ[bDkn](D[bDkn]D
′
[bDkn]

) ≤ ϱ[bDkn](DD′).

Further, it follows from Theorem II.13 in Davidson and Szarek (2001) that for any u > 0,

Pr

(√
ϱ[bDkn]

(
1

T
D[bDkn]D

′
[bDkn]

)
≤ 1−

√
[bDkn]

T
− u

)
< exp

(
−Tu

2

2

)
,

18



which means that

Pr

(√
ϱ[bDkn]

(
1

T
DD′

)
≤ 1−

√
[bDkn]

T
− u

)
< exp

(
−Tu

2

2

)
. (A.30)

Note that [bDkn]
T < b · Dkn

T ≤ b < 1 so that 1−
√

[bDkn]
T > 0. Consequently, when Dkn/T → c ∈

(0, 1], it is verified by (A.28) with probability approaching 1 that, for j = 1, 2, . . . , Dkn,

0 <

(
1−

√
[bDkn]

T

)2

≤ ϱj

(
1

T

T∑
t=1

¯̄st¯̄s
′
t

)
≤

(
1 +

√
Dkn
T

)2

<∞.

Since ¯̄st
d
= s̄t, the above equation also holds for ϱj

(
1
T

∑T
t=1 s̄ts̄

′
t

)
. Then, it holds with probability

approaching 1 that, for j = 1, 2, . . . , [bDkn],

0 < (τ−τ2)λmin(Σϕ)

(
1−

√
[bDkn]

T

)2

≤ ϱj

(
1

T

T∑
t=1

s̃ts̃
′
t

)
≤ (τ−τ2)λmax(Σϕ)

(
1 +

√
Dkn
T

)2

<∞.

(iii) When Dkn/T → c ∈ (1,∞), Dkn > T and DD′ has at most T nonzero eigenvalues. Thus

we focus on D′D. Similarly, it follows from Theorem II.13 in Davidson and Szarek (2001) that

for any u > 0,

Pr

(√
ϱ1

(
1

Dkn
D′D

)
≥ 1 +

√
T

Dkn
+

√
T

Dkn
u

)
< exp

(
−Tu

2

2

)
,

Pr

(√
ϱT

(
1

Dkn
D′D

)
≤ 1−

√
T

Dkn
−
√

T

Dkn
u

)
< exp

(
−Tu

2

2

)
.

Note that DD′ and D′D have the same non-zero eigenvalues. Multiplying 1
Dkn

D′D by Dkn
T ,

we have that

Pr

(√
ϱ1

(
1

T
DD′

)
≥
√
Dkn
T

+ 1 + u

)
< exp

(
−Tu

2

2

)
,

Pr

(√
ϱT

(
1

T
DD′

)
≤
√
Dkn
T

− 1− u

)
< exp

(
−Tu

2

2

)
.

Following the same analysis as in (ii), it holds with probability approaching 1 that, for j =

1, 2, . . . , T ,

0 < (τ−τ2)λmin(Σϕ)

(√
Dkn
T

− 1

)2

≤ ϱj

(
1

T

T∑
t=1

s̃ts̃
′
t

)
≤ (τ−τ2)λmax(Σϕ)

(
1 +

√
Dkn
T

)2

<∞.
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Thus, the above proofs of cases (i), (ii) and (iii) prove statement 1.

(iv) When Dkn/T → ∞, We focus on D′D. Note that D has i.i.d. sub-gaussian entries. So

we can apply again Theorem 4.7.1 in Vershynin (2018) to show that there exists a bounded

constant C such that, for any u > 0

Pr

[∣∣∣∣∣∣∣∣ 1

Dkn
D′D − IT

∣∣∣∣∣∣∣∣
S

≤ C

(√
T + u

Dkn
+
T + u

Dkn

)
||IT ||S

]
≥ 1− 2 exp(−u),

where ||A||S is the spectral norm of a generic square matrix A. Then, ϱj

(
1

Dkn
D′D

)
P→ 1 for

j = 1, . . . , T , because u is arbitrary. Following a similar analysis to that used in the case where

Dkn/T → 0, it holds that ϱj

(
1

Dkn

∑T
t=1 s̄ts̄

′
t

)
P→ 1, and, with probability approaching 1, for

j = 1, 2, . . . , T ,

(τ − τ2)λmin(Σϕ) ≤ ϱj

(
1

Dkn

T∑
t=1

s̃ts̃
′
t

)
≤ (τ − τ2)λmax(Σϕ),

which completes the proof of statement 2.

Lemma 7. Let Σ̃fϕ = 1
n

∑n
i=1 f(0|xi)ϕkn(xi)ϕkn(xi)

′, A1 = Σ̃−1
fϕ Φ′(X)Ψ(X)/n and Σ̂A1ϕ =

A′
1Φ(X)′Φ(X)A1. There exist strict positive number cA and c̄A, such that for j = 1, 2, . . . ,

[bmin(Dkn, T )] where b ∈ (0, 1),

1. When Dkn/T → c ∈ [0,∞) cA + oP (1) ≤ 1
T ϱj

(
Σ̂A1ϕ

)
≤ c̄A + oP (1).

2. When Dkn/T → ∞, cA + oP (1) ≤ 1
Dkn

ϱj

(
Σ̂A1ϕ

)
≤ c̄A + oP (1).

Proof. For j = 1, 2, . . . ,min(Dkn, T ),

1

T
ϱj(Σ̂A1ϕ) =

1

T
ϱj(Ψ

′(X)Φ(X)/nΣ̃−1
fϕ Φ(X)′Φ(X)Σ̃−1

fϕ Φ′(X)Ψ(X)/n)

= ϱj

(
Φ′(X)Ψ(X)Ψ′(X)Φ(X)

nT
· Σ̃−1

fϕ · Φ(X)′Φ(X)

n
· Σ̃−1

fϕ

)
.

Suppose st =
1√
n

∑n
i=1ϕkn(xi)ψit, then we have Φ′(X)Ψ(X)Ψ′(X)Φ(X)

nT = 1
T

∑T
t=1 sts

′
t. Con-

sequently, it holds that

ϱj

(
1

T

T∑
t=1

sts
′
t

)
λ2min(Σ̃

−1
fϕ )λmin(Σ̂ϕ) ≤

1

T
ϱj(Σ̂A1ϕ) ≤ ϱj

(
1

T

T∑
t=1

sts
′
t

)
λ2max(Σ̃

−1
fϕ )λmax(Σ̂ϕ).

Define ψ̃it = τ − 1{uit ≤ 0} and Ψ̃ as n × T matrix of ψ̃it. It is easy to show that Pr(ψ̃it =

τ −1) = τ and Pr(ψ̃it = τ) = 1− τ so E[ψ̃it] = 0, V[ψ̃it] = τ − τ2. Let s̃t = 1√
n

∑n
i=1ϕkn(xi)ψ̃it.
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Then, we have

st − s̃t =
1√
n

∑n
i=1ϕkn(xi) [(F(0|xi)− F(−ξit|xi))− (1{uit ≤ 0} − 1{uit ≤ −ξit})] ,

where ξit = a′
0tϕkn(xi)−g(xi)f0t is deterministic given xi, while Assumption 6(iv) implies that

max1≤t≤T, 1≤i≤n |ξit| = OP (k
−α
n ) with α > 2. Defining pit = F(0|xi)− F(−ξit|xi), we get

|pit| =
∣∣∣∣∫ 0

−ξit

f(u|xi)du
∣∣∣∣ ≤ ∣∣∣∣∫ 0

−ξit

(f(0|xi) + Lξit)du

∣∣∣∣ ≤ f(0|xi)|ξit|+ Lξ2it.

which means that max1≤t≤T, 1≤i≤n |pit| = OP (k
−α
n ). Further, note that

E[1{uit ≤ 0} − 1{uit ≤ −ξit}|xi] = pit, V[1{uit ≤ 0} − 1{uit ≤ −ξit}|xi] = pit(1− pit) ≤ pit,

and

E[(1{uis ≤ 0} − 1{uis ≤ −ξis})(1{uit ≤ 0} − 1{uit ≤ −ξit})|xi] = 0

since s ̸= t, uis and uit are independent. Thus, it holds uniformly in t that

E[∥st − s̃t∥2] =
1

n

n∑
i=1

E[∥ϕkn(xi)∥2 · pit(1− pit)] = O(k1−α
n ),

and

E[∥s̃t∥2] =
1

n

n∑
i=1

E[∥ϕkn(xi)∥2 · τ(1− τ)] = O(kn).

Then, it follows that sts
′
t − s̃ts̃

′
t = (st − s̃t)s

′
t + s̃t(st − s̃t)

′ satisfies∥∥∥∥∥ 1T
T∑
t=1

sts
′
t −

1

T

T∑
t=1

s̃ts̃
′
t

∥∥∥∥∥ ≤ 1

T

T∑
t=1

∥st − s̃t∥(∥st∥+ ∥s̃t∥) = OP (k
1−α/2
n ) = oP (1).

Hence, by Weyl’s inequality,∣∣∣∣∣ϱj
(

1

T

T∑
t=1

sts
′
t

)
− ϱj

(
1

T

T∑
t=1

s̃ts̃
′
t

)∣∣∣∣∣ ≤
∥∥∥∥∥ 1T

T∑
t=1

sts
′
t −

1

T

T∑
t=1

s̃ts̃
′
t

∥∥∥∥∥ = oP (1).

Similarly, when Dkn/T → ∞,∣∣∣∣∣ϱj
(

1

Dkn

T∑
t=1

sts
′
t

)
− ϱj

(
1

Dkn

T∑
t=1

s̃ts̃
′
t

)∣∣∣∣∣ ≤ T

Dkn
·

∥∥∥∥∥ 1T
T∑
t=1

sts
′
t −

1

T

T∑
t=1

s̃ts̃
′
t

∥∥∥∥∥ = oP (1).

Further, note that Σ̂ϕ = 1
n

∑n
i=1ϕkn(xi)ϕkn(xi)

′. Under Assumption 6(iii), It follows from

Theorem 5.6.1 of Vershynin (2018) that ∥Σ̂ϕ − Σϕ∥S = OP

(√
kn log kn

n + kn log kn
n

)
= oP (1).
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Thus, |ϱj(Σ̂ϕ)−ϱj(Σϕ)| = oP (1) for j = 1, 2, . . . , Dkn. Using the same analysis, it can be shown

that |ϱj(Σ̃fϕ)− ϱj(Σfϕ)| = oP (1) for j = 1, 2, . . . , Dkn. Since all eigenvalues of Σ−1
fϕ and Σϕ are

both bounded below from 0 and above from infinity, it follows Lemma 6 that

1. When Dkn/T → c ∈ [0,∞)\{1}, with probability approaching 1,

csλ2min(Σ
−1
fϕ )λmin(Σϕ) ≤

1

T
ϱj

(
Σ̂A1ϕ

)
≤ c̄sλ2max(Σ

−1
fϕ )λmax(Σϕ).

2. When Dkn/T → ∞, with probability approaching 1,

csλ2min(Σ
−1
fϕ )λmin(Σϕ) ≤

1

Dkn
ϱj

(
Σ̂A1ϕ

)
≤ c̄sλ2max(Σ

−1
fϕ )λmax(Σϕ),

which completes the proof.

Lemma 8. For j ∈ {1, . . . , [bmin(Dkn, T )]−2R} where b ∈ (0, 1), there exists c and c̄ such that

1. When Dkn/T → c ∈ [0,∞), c̄+ oP (1) ≤ n · ρ̂R+j ≤ c+ oP (1).

2. When Dkn/T → ∞, c̄+ oP (1) ≤ nT
Dkn

· ρ̂R+j ≤ c+ oP (1).

Proof. Note that ρ̂R+j = ϱR+j

(
Ŷ ′Ŷ
nT

)
. We begin with

Ŷ = Φ(X)Â = Φ(X)A0 +Φ(X)(Â−A0),

where Â = (â1, â2, . . . , âT ), and A0 = (a01,a02, . . . ,a0T ). As shown in Lemma 3, we have that

for t = 1, 2, . . . , T ,

ât − a0t − Σ̃−1
fϕ · m̃t(a0t) =

Σ̃−1
fϕ

{
m∗

t (a0t)−mt(ât)− [m̃t(a0t)− m̃t(ât)]− n−1Φ(X)′D∗
tΦ(X)(ât − a0t)

}
, (A.31)

where Σ̃fϕ = 1
n

∑n
i=1 f(0|xi)ϕkn(xi)ϕkn(xi)

′, and for any a ∈ RDkn ,

mt(a) =
1

n

n∑
i=1

[
τ − 1{uit ≤ (a− a0t)

′ϕkn(xi)− ξit}
]
ϕkn(xi),

m∗
t (a) =

1

n

n∑
i=1

[
τ − F

(
(a− a0t)

′ϕkn(xi)− ξit|xi

)]
ϕkn(xi),

m̃t(a) =mt(a)−m∗
t (a).
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As shown in Lemma 3,

m∗
t (a0t) =

1

n

n∑
i=1

[τ − F (−ξit|xi)]ϕkn(xi)

=
1

n

n∑
i=1

f (0|xi) · ξit · ϕkn(xi) +OP

(
k1/2−2α
n

)
.

Note that ξit = g′(xi)f0t − ϕkn(xi)
′a0t = (g′(xi)− ϕ′

kn
(xi)B0)f0t. We rewrite it as

m∗
t (a0t) = B̃ · f0t +OP

(
k1/2−2α
n

)
, (A.32)

where B̃ = 1
n

∑n
i=1 f (0|xi)ϕkn(xi)(g

′(xi)− ϕ′
kn
(xi)B0). Further, note that

m̃t(a0t) =
1

n

n∑
i=1

ψitϕkn(xi). (A.33)

Now, defineA2 as theDkn×T matrix with each column being Σ̃−1
fϕ {[m∗

t (a0t)−B̃ ·f0t]−mt(ât)−
[m̃t(a0t)− m̃t(ât)] −n−1Φ(X)′D∗

tΦ(X)(ât−a0t)}. Then, combining (A.31) to (A.33), we have

Â−A0 = Σ̃−1
fϕ Φ′(X)Ψ(X)/n+ Σ̃−1

fϕ B̃F ′ +A2.

Then we can rewrite Ŷ as (note that A0 = B0F
′)

Ŷ =Φ(X)A0 +Φ(X)(Â−A0)

=Φ(X)(B0 + Σ̃−1
fϕ B̃)F ′ +Φ(X)Σ̃−1

fϕ Φ′(X)Ψ(X)/n+Φ(X)A2

=Λ(X)F ′ +Φ(X)A1 +Φ(X)A2

=Λ(X)F ′ +E(X).

where Λ(X) = Φ(X)(B0 + Σ̃−1
fϕ B̃), A1 = Σ̃−1

fϕ Φ′(X)Ψ(X)/n, and E(X) = Φ(X)A1 +

Φ(X)A2.

Furthermore, define

F ∗∗ =F +E(X)′Λ(X)(Λ(X)′Λ(X))−1,

P (Λ(X)) =Λ(X)(Λ(X)′Λ(X))−1Λ(X)′

Q(Λ(X)) =I − P (Λ(X)).

Then we have that

Ŷ ′Ŷ

nT
=

F ∗∗Λ(X)′Λ(X)F ∗∗′

nT
+

E(X)′Q(Λ(X))E(X)

nT
.
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On the one hand, since the rank of F ∗∗Λ(X)′Λ(X)F ∗∗′ is no more than R, we have that

ϱR+1(F
∗∗Λ(X)′Λ(X)F ∗∗′) = 0. Then, by Weyl’s inequality,

ϱR+j

(
Ŷ ′Ŷ

nT

)
≤ϱR+1

(
F ∗∗Λ(X)′Λ(X)F ∗∗′

nT

)
+ ϱj

(
E(X)′Q(Λ(X))E(X)

nT

)
=ϱj

(
E(X)′Q(Λ(X))E(X)

nT

)
.

On the other hand, since F ∗∗Λ(X)′Λ(X)F ∗∗′ and E(X)′Q(Λ(X))E(X) are both positive

semidefinite, we have that

ϱR+j

(
Ŷ ′Ŷ

nT

)
≥ ϱR+j

(
E(X)′Q(Λ(X))E(X)

nT

)
.

It then follows from the above two inequalities that

ϱR+j

(
E(X)′Q(Λ(X))E(X)

nT

)
≤ ϱR+j

(
Ŷ ′Ŷ

nT

)
≤ ϱj

(
E(X)′Q(Λ(X))E(X)

nT

)
. (A.34)

Further, note that E(X)′Q(Λ(X))E(X) +E(X)′P (Λ(X))E(X) = E(X)′E(X) and the

rank of E(X)′P (Φ(X)B0)E(X) is also no more than R. A similar reasoning implies that

ϱj

(
E(X)′Q(Λ(X))E(X)

nT

)
≤ ϱj

(
E(X)′E(X)

nT

)
,

ϱR+j

(
E(X)′Q(Λ(X))E(X)

nT

)
≥ ϱ2R+j

(
E(X)′E(X)

nT

)
. (A.35)

Therefore, from (A.34) and (A.35) we have that

ϱ2R+j

(
E(X)′E(X)

nT

)
≤ ϱR+j

(
Ŷ ′Ŷ

nT

)
≤ ϱj

(
E(X)′E(X)

nT

)
. (A.36)

Now we focus on the eigenvalues of E(X)′E(X). Recall that E(X) = Φ(X)A1 + Φ(X)A2,

where A2 is a Dkn × T matrix with each column being Σ̃−1
fϕ {[m∗

t (a0t) − B̃ · f0t] − mt(ât) −
[m̃t(a0t)− m̃t(ât)] −n−1Φ(X)′D∗

tΦ(X)(ât − a0t)}. First, as shown in Lemma 7, |ϱj(Σ̃fϕ) −
ϱj(Σfϕ)| = oP (1) for j = 1, 2, . . . , Dkn. Since λmin(Σfϕ) is bounded below from 0, λmin(Σ̃fϕ) is

also bounded below from 0 with probability approaching 1. Then, we have

∥Σ̃−1
fϕ ∥S =

1

λmin(Σ̃fϕ)
= OP (1). (A.37)
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Further, as shown in Lemma 3

max
1≤t≤T

∥mt(ât)∥ =OP (k
3/2
n /n),

1

T

T∑
t=1

∥m̃t(a0t)− m̃t(ât)∥2 =OP

(
η2nT
)
,

max
1≤t≤T

∥∥n−1Φ(X)′D∗
tΦ(X)(ât − a0t)

∥∥ =OP (
√
knε

2
nT ). (A.38)

Then, it follows from (A.32), (A.37) and (A.38) that

1√
T
∥A2∥ ≤ OP

(
k1/2−2α
n + k3/2n /n+ ηnT +

√
knε

2
nT

)
. (A.39)

Note that

E(X)′E(X) =Σ̂A1ϕ +A′
1Φ(X)′Φ(X)A2 +A′

2Φ(X)′Φ(X)A1 +A′
2Φ(X)′Φ(X)A2,

where Σ̂A1ϕ = A′
1Φ(X)′Φ(X)A1. Next, it follows from (A.39) that

||Φ(X)A2||√
nT

≤ ||Φ(X)||S√
n

||A2||√
T

= OP

(
k1/2−2α
n + k3/2n /n+ ηnT +

√
knε

2
nT

)
.

Thus we have

∥E(X)′E(X)− Σ̂A1ϕ∥ ≤2∥Φ(X)A1∥S · ∥Φ(X)A2∥+ ∥Φ(X)A2∥2

=OP

(√
nT
(
k1/2−2α
n + k3/2n /n+ ηnT +

√
knε

2
nT

))
· ∥Φ(X)A1∥S+

OP

(
nT
(
k1−4α
n + k3n/n

2 + η2nT + knε
4
nT

))
=oP (

√
T ) · ∥Φ(X)A1∥S + oP (T ),

where the last equation, follow from Assumption 6(ii) (n1/2k
1/2−2α
n = o(1) and n1/2ηnT = o(1)).

Two cases are distinguished.

(i) When Dkn/T → c ∈ [0,∞), ∥Φ(X)A1∥S = O(
√
T ) by Lemma 7(1). Consequently,

1

T
∥E(X)′E(X)− Σ̂A1ϕ∥ =

1

T
· o(

√
T ) ·O(

√
T ) = o(1).

Then, it follows from Weyl’s inequality that, for j = 1, . . . , [bmin(Dkn, T )],∣∣∣∣ 1T ϱj (E(X)′E(X)
)
− 1

T
ϱj

(
Σ̂A1ϕ

)∣∣∣∣ ≤ 1

T
∥E(X)′E(X)− Σ̂A1ϕ∥ = o(1).

Then, statement 1 holds with c = cA and c̄ = c̄A following Lemma 7(1) and (A.36).
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(ii) When Dkn/T → ∞, ∥Φ(X)A1∥S = O(
√
Dkn) by Lemma 7(2). Consequently,

1

Dkn
∥E(X)′E(X)− Σ̂A1ϕ∥ =

1

Dkn
· o(

√
T ) ·O(

√
Dkn) = o

(√
T

Dkn

)
= o(1).

Then, using Weyl’s inequality again, yields that, for j = 1, . . . , [bmin(Dkn, T )],∣∣∣∣ 1

Dkn
ϱj
(
E(X)′E(X)

)
− 1

Dkn
ϱj

(
Σ̂A1ϕ

)∣∣∣∣ ≤ 1

Dkn
∥E(X)′E(X)− Σ̂A1ϕ∥ = o(1).

Then statement 2 holds with c = cA and c̄ = c̄A following Lemma 7(2) and (A.36).

Proof of Theorem 5:

Proof. From Lemmas 5 and 8, it follows that

1. When Dkn/T → c ∈ [0,∞),

• When j < R,
ρ̂j

ρ̂j+1
=

ρj
ρj+1

+ oP (1) = OP (1);

• When j > R,
ρ̂j

ρ̂j+1
≤ c̄

c + oP (1) = OP (1);

• When j = R,
ρ̂j

ρ̂j+1
≥ n · ρj

c̄ + oP (1)
P→ +∞.

2. When Dkn/T → ∞,

• When j < R,
ρ̂j

ρ̂j+1
=

ρj
ρj+1

+ oP (1) = OP (1);

• When j > R,
ρ̂j

ρ̂j+1
≤ c̄

c + oP (1) = OP (1);

• When j = R,
ρ̂j

ρ̂j+1
≥ nT

Dkn
· ρj

c̄ + oP (1)
P→ +∞.

Thus,
ρ̂j

ρ̂j+1
is maximized when j = R in both cases with probability approaching 1, and R

will be consistently estimated irrespective of kn insofar as the choice of this tuning parameter

satisfies Assumption 3 (iv) above, e.g. by cross-validation.

Proof of Theorem 6:

Proof. By definition we have

Λ̌ = ΛH + (Λ̌−ΛH)

= G(X)H + ΓH + (Λ̌−ΛH)

= ΦB0H +RH + ΓH + (Λ̌−ΛH),

where B0 is defined in Section 2.2, and R = G(X) − ΦB0. Denoting PΦ = Φ(Φ′Φ)−1Φ′, it
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follows from the definition of Ǧ(X) that

Ǧ(X) = PΦΛ̌ = ΦB0H + PΦRH + PΦΓH + PΦ(Λ̌−ΛH)

= G(X)H + (PΦ − I)RH + PΦΓH + PΦ(Λ̌−ΛH).

Then, by Assumption 6, we have

∥Ǧ(X)−G(X)H∥ ≤ ∥(PΦ − I)R∥ · ∥H∥+ ∥PΦΓ∥ · ∥H∥+ ∥PΦ(Λ̌−ΛH)∥

≲ ∥R∥+ ∥PΦΓ∥+ ∥Λ̌−ΛH∥.

First, it follows from equation (4) that ∥R∥ = OP (
√
nk−α

n ). Second, Assumption 6(i) implies

that ∥Λ̌ − ΛH∥ = OP (
√
nlnT ). Third, Assumptions 6(ii) and 6(iii) imply that ∥PΦΓ∥ =

OP (
√
kn). Thus, part (i) of Theorem 6 holds.

Next, it follows from the definition of ǧ(x) and Λ̌ = ΦB0H +RH +ΓH + (Λ̌−ΛH) that

ǧ(x) = H ′B′
0ϕkn(x) + [RH + ΓH + (Λ̌−ΛH)]′Φ(Φ′Φ)−1ϕkn(x)

= H ′g(x) +H ′[B′
0ϕkn(x)− g(x)] + [RH + ΓH + (Λ̌−ΛH)]′Φ(Φ′Φ)−1ϕkn(x).

Thus, by Assumption 6,

∥ǧ(x)−H ′g(x)∥ ≲ ∥g(x)−B′
0ϕkn(x)∥+ ∥(Φ′Φ)−1Φ′R∥ · ∥ϕkn(x)∥

+∥(Φ′Φ)−1Φ′Γ∥ · ∥ϕkn(x)∥+ ∥(Φ′Φ)−1Φ′(Λ̌−ΛH)∥ · ∥ϕkn(x)∥,

whose RHS components behave as follows. First, ∥g(x) −B′
0ϕkn(x)∥ = OP (k

−α
n ) by equation

(4). Second, by Assumption 6(ii),

∥(Φ′Φ)−1Φ′R∥2 = Tr
[
(Φ′Φ)−1Φ′RR′Φ(Φ′Φ)−1

]
= Tr

[
(Φ′Φ)−1/2Φ′RR′Φ(Φ′Φ)−1/2 · (Φ′Φ)−1

]
≤ λmax[(Φ

′Φ)−1] · Tr
[
(Φ′Φ)−1/2Φ′RR′Φ(Φ′Φ)−1/2

]
= λmax[(Φ

′Φ)−1] · Tr
[
RR′PΦ

]
≤ λmax[(Φ

′Φ/n)−1] · λmax(PΦ) · ∥R∥2/n = OP (k
−2α
n ).

Similarly, it can be shown that ∥(Φ′Φ)−1Φ′(Λ̌−ΛH)∥2 = OP (l
2
nT ). Third, by Assumption 6(ii)
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and 6(iii),

∥(Φ′Φ)−1Φ′Γ∥2 = Tr
[
(Φ′Φ)−2Φ′ΓΓ′Φ

]
≤ λmax[(Φ

′Φ/n)−2] · Tr
[
Φ′ΓΓ′Φ/n2

]
= n−1λmax[(Φ

′Φ/n)−2] · ∥Φ′Γ/
√
n∥2

= OP (kn/n).

Finally, part (ii) of Theorem 6 holds because supx∈X ∥ϕkn(x)∥ =
√
kn.

A.2 Probability Limit of the Rotation Matrix

Lemma 9. 1
T
√
n
∥V̂ F0∥ = OP

(√
kn
nT

)
+OP (k−α

n ) +OP (ηnT ).

Proof. First, recall that

V̂ =Ŷ −G(X)F ′
0

=Φ(X)Â−Φ(X)A0 + (Φ(X)A0 −G(X)F ′
0)

=Φ(X)(Â−A0) +OP

(√
nT · k−α

n

)
. (A.40)

Further, it holds from Lemma 4 that

Â−A0 = Σ−1
fϕ Φ′(X)Ψ(X)/n+OP

(√
Tk−α

n

)
+OP

(√
TηnT

)
(A.41)

Next, we focus on Φ(X)Σ−1
fϕ Φ′(X)Ψ(X)F0. Note that it is a n×R matrix with each row being

ϕkn(xi)
′Σ−1

fϕ Φ′(X)Ψ(X)F0. By the proof of Theorem 3,

∥ϕkn(xi)
′Σ−1

fϕ Φ′(X)Ψ(X)F0∥ = OP

(√
nTkn

)
.

Consequently, we have that

∥Φ(X)Σ−1
fϕ Φ′(X)Ψ(X)F0/n∥ =

√
n ·OP

(√
nTkn/n

)
= OP

(√
Tkn

)
(A.42)
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Combining (A.40) to (A.42), it holds that

1

T
√
n
∥V̂ F0∥ ≤ 1

T
√
n
∥Φ(X)(Â−A0)F0∥+OP

(
k−α
n

)
· ∥F0∥√

T

≤ 1

T
√
n
∥Φ(X)Σ−1

fϕ Φ′(X)Ψ(X)F0/n∥+
∥Φ(X)∥S√

n
·OP

(
k−α
n + ηnT

)
· ∥F0∥√

T
+OP

(
k−α
n

)
=OP

(√
kn
nT

)
+OP

(
k−α
n

)
+OP (ηnT )

Lemma 10. 1. 1
T ∥F

′
0(F̂ − F0Ĥ)∥ = OP

(
ε2nT
)
+OP

(√
kn
nT

)
+OP (k−α

n ) +OP (ηnT )

2. 1
T ∥(F̂ − F0Ĥ)′F̂ ∥ = OP

(
ε2nT
)
+OP

(√
kn
nT

)
+OP (k−α

n ) +OP (ηnT )

Proof. We first prove statement 1. From (A.2) we have that

F ′
0(F̂−F0Ĥ)/T = F ′

0V̂
′G(X)F ′

0F̂ /(nT
2)Ω̂−1+F ′

0F0G(X)′V̂ F̂ /(nT 2)Ω̂−1+F ′
0V̂

′V̂ /(nT 2)F̂ Ω̂−1.

(A.43)

In the proof of Theorem 1 we have shown that ∥Ω̂−1∥ = OP (1). Then we analyze (A.43) term

by term. For the first term, it follows Lemma 9 that

∥F ′
0V̂

′G(X)F ′
0F̂ /(nT

2)Ω̂−1∥ ≤∥F ′
0V̂

′∥
T
√
n

· ∥G(X)∥√
n

· ∥F0∥√
T

· ∥F̂ ∥√
T

· ∥Ω̂−1∥

=OP

(√
kn
nT

)
+OP

(
k−α
n

)
+OP (ηnT ) . (A.44)

Then, the second term satisfies that

∥F ′
0F0G(X)′V̂ F̂ /(nT 2)Ω̂−1∥ =∥G(X)′V̂ F̂ /(nT )Ω̂−1∥

≤∥G(X)′V̂ (F̂ − F0Ĥ)/(nT )Ω̂−1∥+ ∥G(X)′V̂ F0Ĥ/(nT )Ω̂−1∥

≤∥G(X)∥√
n

∥V̂ ∥√
nT

∥F̂ − F0Ĥ∥√
T

∥Ω̂−1∥+ ∥G(X)∥√
n

∥V̂ F0∥
T
√
n

∥Ĥ∥∥Ω̂−1∥

=OP

(
ε2nT
)
+OP

(√
kn
nT

)
+OP

(
k−α
n

)
+OP (ηnT ) . (A.45)

As for the third term, we have that

∥F ′
0V̂

′V̂ /(nT 2)F̂ Ω̂−1∥ ≤ ∥F0∥√
T

∥V̂ ∥2

nT

∥F̂ ∥√
T

= OP

(
ε2nT
)
. (A.46)

Then the statement 1 follows from (A.43) to (A.46).
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Then, it holds that

1

T
∥(F̂ − F0Ĥ)′F̂ ∥ ≤ 1

T
∥(F̂ − F0Ĥ)′(F̂ − F0Ĥ)∥+ 1

T
∥(F̂ − F0Ĥ)′F0Ĥ∥

=OP

(
ε2nT
)
+OP

(√
kn
nT

)
+OP

(
k−α
n

)
+OP (ηnT ) ,

which proves the statement 2.

Lemma 11. If F ′
0F0/T = IR and Σ̂g is diagonal with distinct elements, then Ĥ = IR +

OP (δnT ), where δnT = ε2nT +
√

kn
nT + k−α

n + ηnT .

Proof. We begin with

F ′
0F̂

T
=

F ′
0(F̂ − F0Ĥ)

T
+

F ′
0F0

T
Ĥ = Ĥ +OP (δnT ), (A.47)

where the second equality is due to Lemma 9. Left multiplying Ĥ ′ on both sides, we have that

Ĥ ′F ′
0F̂

T
= Ĥ ′Ĥ +OP (δnT )

⇒ F̂ ′F̂

T
− (F̂ − F0Ĥ)′F̂

T
= Ĥ ′Ĥ +OP (δnT )

⇒IR +OP (δnT ) = Ĥ ′Ĥ,

where the last equality is due to Lemma 10. Ignoring OP (δnT ), the above shows that Ĥ is

an orthogonal matrix so that its eigenvalues are either 1 or -1. We need to show that Ĥ is a

diagonal matrix. From the definition of Ĥ,

Ĥ = Σ̂g(F
′
0F̂ )/T Ω̂−1 = Σ̂gĤΩ̂−1 +OP (δnT ) ⇒ Σ̂gĤ = ĤΩ̂+OP (δnT ).

This equation implies that Ĥ (up to a negligible term) is a matrix consisting of eigenvectors of

Σ̂g. The latter matrix is diagonal and has distinct eigenvalues by assumption. Thus, each eigen-

value is associated with a unique unitary eigenvector (up to a sign change) and each eigenvector

has a single non-zero element. This implies that Ĥ is a diagonal matrix up to an OP (δnT ) order.

It is already known that the eigenvalues of Ĥ are 1 or -1, Ĥ is a diagonal matrix with elements

of 1 or -1 as its elements. Without loss of generality, we can assume all elements are 1. This

implies Ĥ = IR +OP (δnT ). Moreover, from (A.47) we obtain

F ′
0F̂

T
= IR +OP (δnT ) .
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A.3 Estimating the Covariance Matrix of the QPPCA Estimator

Recall that Σfϕ = E[f(0|xi)ϕkn(xi)ϕkn(xi)
′] and σ2kn(x) = ϕ′

kn
(x)Σ−1

fϕ ΣϕΣ
−1
fϕ ϕkn(x). Here we

make the dependency of σkn on x explicit. Based on Theorem 3, for the purpose of inference

and constructing confidence intervals, we propose to estimate the co-variance matrix of ĝ(x) by:

Σ̂T,τ ·
σ̂2kn(x)

nT
,

where

Σ̂T,τ = τ(1− τ)(F̂ ′F̂ /T ) = τ(1− τ)IR, σ̂2kn(x) = ϕ′
kn(x)Σ̂

−1
fϕ Σ̂ϕΣ̂

−1
fϕ ϕkn(x),

Σ̂fϕ =
1

n

n∑
i=1

f̂(0|xi) · ϕkn(xi)ϕkn(xi)
′, Σ̂ϕ =

1

n

n∑
i=1

ϕkn(xi)ϕkn(xi)
′,

f̂(0|xi) =
1

T

T∑
t=1

1

h
K
(
yit − ŷit

h

)
,

K(·) is a standard kernel function with bounded first-order derivative, and h is a bandwidth

parameter.

We need to show that ∥∥∥F̂ ′F̂ /T − Ĥ ′(F ′
0F0/T )Ĥ

∥∥∥ = oP (1), (A.48)

(σ̂kn(x)− σkn(x))/σ̂kn(x) = oP (1). (A.49)

Note that (A.48) follows trivially from Theorem 1. To prove (A.49), it suffices to show that∥∥∥Σ̂fϕ −Σfϕ

∥∥∥ = oP (1). (A.50)

and ∥∥∥Σ̂ϕ −Σϕ

∥∥∥ = oP (1). (A.51)

First, write

Σ̂fϕ −Σfϕ =
1

n

n∑
i=1

(
f̂(0|xi)−

1

T

T∑
t=1

1

h
K
(uit
h

))
· ϕkn(xi)ϕkn(xi)

′+

1

n

n∑
i=1

(
1

T

T∑
t=1

1

h
K
(uit
h

)
− f(0|xi)

)
·ϕkn(xi)ϕkn(xi)

′+

[
1

n

n∑
i=1

f(0|xi) · ϕkn(xi)ϕkn(xi)
′ −Σfϕ

]
.

It is standard to show that the first term on the right-hand side of the above equation is
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OP (knεnTh
−2), the second term is OP

(
kn[(nh)

−1/2 + h]
)
, and the last term is OP (knn

−1/2).

Thus, (A.50) holds under the conditions that

knεnTh
−2 = o(1), kn(nh)

−1/2 = o(1), knh = o(1).

In the case where kn is chosen by cross-validation and therefore kn ≍ n1/(2α+1), the above

conditions are satisfied if

n
1

2α+1 << h−1 << n
α−1
4α+2 ,

which implicitly requires α > 3. Finally, it is easy to see that ∥Σ̂ϕ −Σϕ∥ = OP (knn
−1/2) and

thus (A.51) holds.
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B Additional Simulation Results

This section contains some additional simulation results. We briefly summarize the results in

what follows, and the detailed DGPs are described in the notes under each table or figure.

Figure B.1: estimation errors of the loading matrices using QPPCA, QFA-Sieve, PCA and

PPCA. The DGP is the same as Figure 1 of the main text.

Figure B.2: estimation errors of the factors using QPPCA, QFA-Sieve and SQFA, at τ = 0.75.

The DGP is the same as Figure 2 of the main text.

Figures B.3 and B.4: estimation errors of the loading matrices using QPPCA, QFA-Sieve

and SQFA, at τ = 0.25, 0.75. The DGP is the same as Figure 2 of the main text.

Figures B.5 and B.6: estimation errors of the factors using QPPCA, QFA-Sieve and SQFA, at

τ = 0.25, 0.75, for the case R = 2, D = 3. These figures demonstrate the advantage of QPPCA

and QFA-Sieve when D > R.

Figures B.7 and B.8: estimation errors of the loading matrices using QPPCA, QFA-Sieve and

SQFA, at τ = 0.25, 0.75, for the case R = 2, D = 3. These figures demonstrate the advantage of

QPPCA and QFA-Sieve when D > R.

Figures B.9 and B.10: estimation errors of the factors using QPPCA, QFA-Sieve and SQFA,

at τ = 0.25, 0.75, for the case R = 2, D = 1. These figures demonstrate the advantage of

QPPCA and QFA-Sieve when D < R.

Figures B.11 and B.12: estimation errors of the loading matrices using QPPCA, QFA-Sieve

and SQFA, at τ = 0.25, 0.75, for the case R = 2, D = 1. These figures demonstrate the advantage

of QPPCA and QFA-Sieve when D < R.

Figure B.13: estimation errors of the loading functions using QPPCA and QFA-Sieve at

τ = 0.75, without missing variables, n = 355, T = 62, R = 1, D = 4. The DGP is the same as

Figure 3 of the main text.

Figure B.14: estimation errors of the loading functions using QPPCA and QFA-Sieve at

τ = 0.75, with one missing variable, n = 355, T = 10, R = 1, D = 5. The DGP is the same as

Figure 4 of the main text.

Figures B.15 and B.16: estimation errors of the loading functions using QPPCA and QFA-

Sieve at τ = 0.25, 0.75, without missing variables, n = 355, T = 10, R = 2, D = 2. These figures

demonstrate the advantage of QPPCA when T is small.
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Figure B.1: Estimation of loading matrix: QPPCA, PCA, PPCA and QFA-Sieve.
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Note: The DGP is yit = λi1ft1 + (λi2ft2)uit, where ft2 = |ht|, ft1, ht ∼ i.i.d N(0, 1). The number
of characteristics is 2 and all characteristics xid (i = 1, ..., n and d = 1, 2) are independently drawn
from the uniform distribution: U [−1, 1]. g11(x) = g12(x) = sin(2πx) and g21(x) = g22(x) = cos2(πx).
The factor loadings are generated as λi1 = g11(xi1) + g12(xi2), λi2 = g21(xi1) + g22(xi2). {uit} are i.i.d
draws from three different distributions. The loading matrix is estimated by 3 methods: PCA, PPCA,
QPPCA at τ = 0.5 and QFA-Sieve at τ = 0.5. The reported results are the average Frobenius errors:
∥G− Ĝ(Ĝ′Ĝ)−1Ĝ′G∥/

√
N from 1000 repetitions.
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Figure B.2: Estimation of factors: QPPCA, QFA-Sieve and SQFA, at τ = 0.75, with D = R.
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Note: The DGP is yit = λi1ft1 + (λi2ft2)uit, where ft2 = |ht|, ft1, ht ∼ i.i.d N(0, 1). The number of
characteristics is 2 and all characteristics xid (i = 1, ..., n and d = 1, 2) are independently drawn from the
uniform distribution: U [−1, 1]. g11(x) = g12(x) = sin(2πx) and g21(x) = g22(x) = cos2(πx). The factor
loadings are generated as λi1 = g11(xi1) + g12(xi2), λi2 = g21(xi1) + g22(xi2). {uit} are i.i.d draws from
three different distributions. The two factors are estimated by 3 methods: QPPCA, QFA and SQFA at
τ = 0.75. The reported results are the average Frobenius errors: ∥F0 − F̂ (F̂ ′F̂ )−1F̂ ′F0∥/

√
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Figure B.3: Estimation of loading matrices: QPPCA, QFA-Sieve and SQFA, at τ = 0.25, with
D = R.
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Note: The DGP is yit = λi1ft1 + (λi2ft2)uit, where ft2 = |ht|, ft1, ht ∼ i.i.d N(0, 1). The number of
characteristics is 2 and all characteristics xid (i = 1, ..., n and d = 1, 2) are independently drawn from
the uniform distribution: U [−1, 1]. g11(x) = g12(x) = sin(2πx) and g21(x) = g22(x) = cos2(πx). The
factor loadings are generated as λi1 = g11(xi1) + g12(xi2), λi2 = g21(xi1) + g22(xi2). {uit} are i.i.d draws
from three different distributions. The loading matrices are estimated by 3 methods: QPPCA, QFA and
SQFA at τ = 0.25. The reported results are the average Frobenius errors: ∥G − Ĝ(Ĝ′Ĝ)−1Ĝ′G∥/
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Figure B.4: Estimation of loading matrices: QPPCA, QFA-Sieve and SQFA, at τ = 0.75, with
D = R.
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Note: The DGP is yit = λi1ft1 + (λi2ft2)uit, where ft2 = |ht|, ft1, ht ∼ i.i.d N(0, 1). The number of
characteristics is 2 and all characteristics xid (i = 1, ..., n and d = 1, 2) are independently drawn from
the uniform distribution: U [−1, 1]. g11(x) = g12(x) = sin(2πx) and g21(x) = g22(x) = cos2(πx). The
factor loadings are generated as λi1 = g11(xi1) + g12(xi2), λi2 = g21(xi1) + g22(xi2). {uit} are i.i.d draws
from three different distributions. The loading matrices are estimated by 3 methods: QPPCA, QFA and
SQFA at τ = 0.75. The reported results are the average Frobenius errors: ∥G − Ĝ(Ĝ′Ĝ)−1Ĝ′G∥/
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Figure B.5: Estimation of factors: QPPCA, QFA-Sieve and SQFA, at τ = 0.25, with D > R.
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Note: The DGP is yit = λi1ft1 + (λi2ft2)uit, where ft2 = |ht|, ft1, ht ∼ i.i.d N(0, 1). The number
of characteristics is 3 and all characteristics xid (i = 1, ..., n and d = 1, 2, 3) are independently drawn
from the uniform distribution: U [−1, 1]. g11(x) = g12(x) = g13(x) = sin(2πx) and g21(x) = g22(x) =
g23(x) = cos2(πx). The factor loadings are generated as λi1 = g11(xi1) + g12(xi2) + g13(xi3), λi2 =
g21(xi1)+ g22(xi2)+ g23(xi3). {uit} are i.i.d draws from three different distributions. The two factors are
estimated by 3 methods: QPPCA, QFA and SQFA at τ = 0.25. The reported results are the average
Frobenius errors: ∥F0 − F̂ (F̂ ′F̂ )−1F̂ ′F0∥/
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Figure B.6: Estimation of factors: QPPCA, QFA-Sieve and SQFA, at τ = 0.75, with D > R.
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Note: The DGP is yit = λi1ft1 + (λi2ft2)uit, where ft2 = |ht|, ft1, ht ∼ i.i.d N(0, 1). The number
of characteristics is 3 and all characteristics xid (i = 1, ..., n and d = 1, 2, 3) are independently drawn
from the uniform distribution: U [−1, 1]. g11(x) = g12(x) = g13(x) = sin(2πx) and g21(x) = g22(x) =
g23(x) = cos2(πx). The factor loadings are generated as λi1 = g11(xi1) + g12(xi2) + g13(xi3), λi2 =
g21(xi1)+ g22(xi2)+ g23(xi3). {uit} are i.i.d draws from three different distributions. The two factors are
estimated by 3 methods: QPPCA, QFA and SQFA at τ = 0.75. The reported results are the average
Frobenius errors: ∥F0 − F̂ (F̂ ′F̂ )−1F̂ ′F0∥/
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Figure B.7: Estimation of loading matrices: QPPCA, QFA-Sieve and SQFA, at τ = 0.25, with
D > R.
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Note: The DGP is yit = λi1ft1 + (λi2ft2)uit, where ft2 = |ht|, ft1, ht ∼ i.i.d N(0, 1). The number
of characteristics is 3 and all characteristics xid (i = 1, ..., n and d = 1, 2, 3) are independently drawn
from the uniform distribution: U [−1, 1]. g11(x) = g12(x) = g13(x) = sin(2πx) and g21(x) = g22(x) =
g23(x) = cos2(πx). The factor loadings are generated as λi1 = g11(xi1) + g12(xi2) + g13(xi3), λi2 =
g21(xi1)+g22(xi2)+g23(xi3). {uit} are i.i.d draws from three different distributions. The loading matrices
are estimated by 3 methods: QPPCA, QFA and SQFA at τ = 0.25. The reported results are the average
Frobenius errors: ∥G− Ĝ(Ĝ′Ĝ)−1Ĝ′G∥/
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Figure B.8: Estimation of loading matrices: QPPCA, QFA-Sieve and SQFA, at τ = 0.75, with
D > R.
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Note: The DGP is yit = λi1ft1 + (λi2ft2)uit, where ft2 = |ht|, ft1, ht ∼ i.i.d N(0, 1). The number
of characteristics is 3 and all characteristics xid (i = 1, ..., n and d = 1, 2, 3) are independently drawn
from the uniform distribution: U [−1, 1]. g11(x) = g12(x) = g13(x) = sin(2πx) and g21(x) = g22(x) =
g23(x) = cos2(πx). The factor loadings are generated as λi1 = g11(xi1) + g12(xi2) + g13(xi3), λi2 =
g21(xi1)+g22(xi2)+g23(xi3). {uit} are i.i.d draws from three different distributions. The loading matrices
are estimated by 3 methods: QPPCA, QFA and SQFA at τ = 0.75. The reported results are the average
Frobenius errors: ∥G− Ĝ(Ĝ′Ĝ)−1Ĝ′G∥/
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Figure B.9: Estimation of factors: QPPCA, QFA-Sieve and SQFA, at τ = 0.25, with D < R.
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Note: The DGP is yit = λi1ft1 + (λi2ft2)uit, where ft2 = |ht|, ft1, ht ∼ i.i.d N(0, 1). The number of
characteristics is 1 and all characteristics xid (i = 1, ..., n and d = 1) are independently drawn from
the uniform distribution: U [−1, 1]. g11(x) = sin(2πx) and g21(x) = cos2(πx). The factor loadings are
generated as λi1 = g11(xi1), λi2 = g21(xi1). {uit} are i.i.d draws from three different distributions. The
two factors are estimated by 3 methods: QPPCA, QFA and SQFA at τ = 0.25. The reported results are
the average Frobenius errors: ∥F0 − F̂ (F̂ ′F̂ )−1F̂ ′F0∥/
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Figure B.10: Estimation of factors: QPPCA, QFA-Sieve and SQFA, at τ = 0.75, with D < R.
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Note: The DGP is yit = λi1ft1 + (λi2ft2)uit, where ft2 = |ht|, ft1, ht ∼ i.i.d N(0, 1). The number of
characteristics is 1 and all characteristics xid (i = 1, ..., n and d = 1) are independently drawn from
the uniform distribution: U [−1, 1]. g11(x) = sin(2πx) and g21(x) = cos2(πx). The factor loadings are
generated as λi1 = g11(xi1), λi2 = g21(xi1). {uit} are i.i.d draws from three different distributions. The
two factors are estimated by 3 methods: QPPCA, QFA and SQFA at τ = 0.75. The reported results are
the average Frobenius errors: ∥F0 − F̂ (F̂ ′F̂ )−1F̂ ′F0∥/
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Figure B.11: Estimation of loading matrices: QPPCA, QFA-Sieve and SQFA, at τ = 0.25, with
D < R.
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Note: The DGP is yit = λi1ft1 + (λi2ft2)uit, where ft2 = |ht|, ft1, ht ∼ i.i.d N(0, 1). The number of
characteristics is 1 and all characteristics xid (i = 1, ..., n and d = 1) are independently drawn from
the uniform distribution: U [−1, 1]. g11(x) = sin(2πx) and g21(x) = cos2(πx). The factor loadings are
generated as λi1 = g11(xi1), λi2 = g21(xi1). {uit} are i.i.d draws from three different distributions. The
loading matrices are estimated by 3 methods: QPPCA, QFA and SQFA at τ = 0.25. The reported results
are the average Frobenius errors: ∥G− Ĝ(Ĝ′Ĝ)−1Ĝ′G∥/
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Figure B.12: Estimation of loading matrices: QPPCA, QFA-Sieve and SQFA, at τ = 0.75, with
D < R.
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Note: The DGP is yit = λi1ft1 + (λi2ft2)uit, where ft2 = |ht|, ft1, ht ∼ i.i.d N(0, 1). The number of
characteristics is 1 and all characteristics xid (i = 1, ..., n and d = 1) are independently drawn from
the uniform distribution: U [−1, 1]. g11(x) = sin(2πx) and g21(x) = cos2(πx). The factor loadings are
generated as λi1 = g11(xi1), λi2 = g21(xi1). {uit} are i.i.d draws from three different distributions. The
loading matrices are estimated by 3 methods: QPPCA, QFA and SQFA at τ = 0.75. The reported results
are the average Frobenius errors: ∥G− Ĝ(Ĝ′Ĝ)−1Ĝ′G∥/

√
n from 1000 repetitions.
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Figure B.13: Estimated Loading functions at τ = 0.75, no missing variables: QPPCA and
QFA-Sieve

Note: n = 355, T = 62, R = 1 and D = 4. The DGP is: yit = (g1(xi1) + g2(xi2) + g3(xi3)) · ft +
g4(xi4) · ft · uit, where ft = |ht| and ht are independently drawn from N(0, 1), xid (i = 1, ..., n and d =
1, 2, 3, 4) are independently drawn from the uniform distribution: U [−1, 1]. g1(x) = −sin(0.5πx), g2(x) =
sin(πx), g3(x) = sin(2πx), g4(x) = cos2(πx) and {uit} are i.i.d draws from the t(3) distribution. The
graphs show the true loading functions (the black dash-dot lines) at τ = 0.75, and the empirical point-
wise 5% and 95% quantiles of the estimated loading functions using QPPCA (the red solid lines) and
QFA-Sieve (the green dashed lines) from 1000 repetitions.
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Figure B.14: Estimated Loading functions at τ = 0.75, one missing variable: QPPCA and
QFA-Sieve

Note: n = 355, T = 62, R = 1 and D = 5. The DGP is: yit = (g1(xi1) + g2(xi2) + g3(xi3) + g5(xi5)) ·
ft + g4(xi4) · ft · uit, where ft = |ht| and ht are independently drawn from N(0, 1), xid (i = 1, ..., n and
d = 1, . . . , 5) are independently drawn from the uniform distribution: U [−1, 1]. Assume that only the first
4 characteristics are observed while xi5 is unobserved. g1(x) = −sin(0.5πx), g2(x) = sin(πx), g3(x) =
sin(2πx), g4(x) = cos2(πx) and g5(x) = 1.5cos(πx) and {uit} are i.i.d draws from the t(3) distribution.
The graphs show the true loading functions (the black dash-dot lines) at τ = 0.75, and the empirical
point-wise 5% and 95% quantiles of the estimated loading functions using QPPCA (the red solid lines)
and QFA-Sieve (the green dashed lines) from 1000 repetitions.
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Figure B.15: Estimated Loading functions at τ = 0.25, 2 factors, no missing variables: QPPCA
and QFA-Sieve

Note: n = 355, T = 10, R = 2 and D = 2. The DGP is: yit = (g11(xi1) + g12(xi2)) · f1t + (g21(xi1) +
g22(xi2) · f2t · uit, where f2t = |ht| and f1t, ht are independently drawn from N(0, 1), xid (i = 1, ..., n and
d = 1, 2) are independently drawn from the uniform distribution: U [−1, 1]. g11(x) = sin(2πx), g12(x) =
−sin(0.5πx), g21(x) = sin(πx), g22(x) = cos2(πx)+1 and {uit} are i.i.d draws from the t(3) distribution.
The graphs show the true loading functions (the black dash-dot line) at τ = 0.25, and the empirical point-
wise 5% and 95% quantiles of the estimated loading functions using QPPCA (the red solid lines) and
QFA-Sieve (the green dashed lines) from 1000 repetitions.
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Figure B.16: Estimated Loading functions at τ = 0.75, 2 factors, no missing variables: QPPCA
and QFA-Sieve

Note: n = 355, T = 10, R = 2 and D = 2. The DGP is: yit = (g11(xi1) + g12(xi2)) · f1t + (g21(xi1) +
g22(xi2) · f2t · uit, where f2t = |ht| and f1t, ht are independently drawn from N(0, 1), xid (i = 1, ..., n and
d = 1, 2) are independently drawn from the uniform distribution: U [−1, 1]. g11(x) = sin(2πx), g12(x) =
−sin(0.5πx), g21(x) = sin(πx), g22(x) = cos2(πx)+1 and {uit} are i.i.d draws from the t(3) distribution.
The graphs show the true loading functions (the black dash-dot line) at τ = 0.75, and the empirical point-
wise 5% and 95% quantiles of the estimated loading functions using QPPCA (the red solid lines) and
QFA-Sieve (the green dashed lines) from 1000 repetitions.
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