UNIVERSITY CARLOS III OF MADRID
MATHEMATICS FOR ECONOMICS I FALL 2025
EXERCISES (SOLUTIONS )

CHAPTER 3: Partial derivatives and differentiation

3-1. Find g—ﬁ, % for the following functions:
(a) f(z,y) =z coszsiny.
2
(¢) f(z,y) = (2% + y?) In(a® + y?).

Solution:
(a) The partial derivatives of the function f(z,y) = z(cosz)(siny) are

0f(x,y) 0f(z,y)

———= =cosxsiny —xsinxsiny, 3
Y

= T COST COSY

ox

(b) The partial derivatives of the function f(z,y) = e’ are

6f(93a y) — y261y27 af(xa y) _ 2xy6xy2
ox y
(c) The partial derivatives of the function f(z,y) = (22 + y?)In(z? + y?) are
0 0
T Y

3-2. Determine the marginal-products for the following production function.

F(x,y,z) = 1221 /21 /3,174

Solution: We compute the partial derivatives with respect to each factor,

% _ 6x_1/2y1/3zl/4
OF
374 _ 4x1/2y_2/321/4
oF
= = 3x1/2y1/32_3/4

3-3. Find the gradient of the following functions at the given point p
() f(@,y) = (o~ 22— y*)"" atp= (a/2,0/2).
(b) g(w,y) =In(1+axy)"/? atp = (1,1).
(¢) h(z,y) =eYcos(3x +y) at p = (27/3,0).

Solution:
(a) V(a2 _ .7;2 _ y2>1/2 —

) so the gradient is

. y
(wazzzyz)’ Vi@ =s2=2)

(33

—z —y
(waz ) —y2>)
(b) V(n(1 +2y)"/?) = L (—lfw, —Hf”ly) so the gradient is (1,1).
(c)

r=y=a/2

V (€Y cos(3x + ,7,/))|x=27r/37y=0 =
= (—3e¥sin (3z +y), e¥ cos 3z + y) — €¥sin (3x + y))|,_0,/3,—0 = (0,1)

3-4. Consider the function



(a) Find the partial derivatives of f at the point (0,0).
(b) Prove that f is continuous on all of R?. Hint: Use (proving it) that for (x,y) # (0,0) we have that

VA

[+ [yl —
(¢) Is f differentiable at (0,0)?
Solution:

(a) The partial derivative with respect to x is
0 t,0) — (0,0
97 (0,0) = timy LEO SO0 _
ox t—0 t

since sin(0) = 0. Likewise,

0 0,t) — £(0,0
dy t—0 t

$0
V£(0,0) = (0,0)
(b) Note that for (z,y) # (0,0), the function f is a quotient of continuous functions and, hence is continuous

for (z,y) # (0,0).
Recall that the function f is continuous at the point (0,0) if

lim z,y) = f(0,0
(%yH(O,O)f( y) = f(0,0)

We prove this next. First, since |z, |y| > 0 then
o +y? < Jo’ + [y* + 2]ly|

= (lz] + Iy])?
Hence,
212
PRVEET
[+ [yl
Given € > 0, we take § = £/2. If 0 < /a2 + 3% < ¢ then
22 + 92
|f(z,y)| = [sin(zy)|  (since [sin(zy)[ < 1)
=] + [y
z? +y?
=zl + 1yl
/22 1 02
=2/ x2 + yQL_Fy (by the above observation)

=] + [yl

L2yt 4P <20=¢

(c) First, we note that f is differentiable in R? \ {(0,0)}, because the partial derivatives exist and are
continuous at every point of R?\ {(0,0)}. The function is differentiable at (0,0) if

lim f(vla U?) - f(ov 0) - Vf(0,0) i (U17v2)
(111 7’”2)_>(070) \/ U% + U%
Note that f(0,0) =0, Vf(0,0) - (v1,v2) = 0. So, let us consider the quotient
24,2 22
f(v1,v2) _ vy + V3 in(v1vs) = 2 VU7 + vy
V402 (Jur| + va) Vo + 02 (lo1] + |v2])
con (vy,v2) # (0,0). The function f is differentiable at (0,0) if

2 2
VU1 U5

lim L2
(v1,02)—(0,0) (Ju1] + |v2])

=0

sin(v1vg)

sin(vvy) =0

By the observation made in the previous part, we have that

2 2
vy +v3

————=—=_Isin(vive)| < |sin(vqv
= (‘U1|+|’02D| (1 2)|—| (1 2)‘



and since sin(vqv2) is continuous,

lim  sin(viv2) =0
(’Ul ,’UQ)*)(0,0)

Hence,
2 .2
lim A sin(vivg) =0
(v1,02)—(0,0) ([v1] + |va])

and f is differentiable at (0,0).

3-5. Consider the function

_ [ B if(x,y) #(0,0)
rew={ 5 T

(a) Study the continuity of f in R2.
(b) Compute the partial derivatives of f at the point (0,0).
(c) At which points is f differentiable?

Solution:
(a) Note that

. .0
fim £(£,0) =l 73 =0

On the other hand since,

tsint int 1
lim f(¢,t) = lim ST gy 20 2
t—0 t—0 2t2 t—0 2t 2
do not coincide, the limit
lim  f(x,
(z,y)—(0,0) (=:9)

does not exist, and hence f is not continuous at (0,0). The function is continuous at R? \ {(0,0)} since
it is a quotient of continuous functions and the denominator does not vanish there.
(b) The partial derivative with respect to x is
of f(t,0) = f(0,0) .. 0

9y (00 = lim = =l 55 =0

since sin(0) = 0. Similarly,

af F0,) = £(0,0) 0

=lim— =0

(0,0) = lim lim -5

dy t—0

t
(c) First, we note that f is differentiable on R?\ {(0,0)}, since the partial derivatives exist and are continuous
there. The function is not differentiable at (0,0) because it is not continuous at that point.

3-6. Consider the function

—~

0,0
(0,0)

~~

_ 2:52137?!2 cos(zy) if (x,y) #
f(m’y)_{ 0" if (z,y)=

(a) Find the partial derivatives of f at the point (0,0).
(b) Prove that f is continuous on all of R?. Hint: Note that for (z,y) # (0,0) we have that

1 < 1
22 +2y? — 2?2+ y?

(¢c) Is f differentiable at (0,0)?

Solution:
(a) The partial derivatives are
g(()’()) — lim M - limg =0
ox t—0 t t—0 3
and
af f(Oa t) — f(Oa 0) : 0

gy (00 = lim = = lim 55 =0



(b) The function is continuous on R?\ {(0,0)}, since it is a quotient of continuous functions and the denom-
inator does not vanish. Let us study the continuity at the point (0,0). Let e > 0. Take § = 4/¢/2. If

0 < /22 + y? < 0 then,

x? + 2y?

_ #?ally
x2 4 292
<2|z||y| (since 22 < 2% + 2y? y | cos(zy)| < 1
=2Vax2\/y?2 <2 (\/xz + y2> (\/xQ + y2) <22 =¢
(¢) The function is differentiable at (0, 0) if
lim f(axy) _f(ovo)_vf(ovo) i (x,y)
(z,y)—(0,0) Va? +y?

Since, £(0,0) =0, Vf(0,0) - (x,y) = 0, the function is differentiable at (0,0) if

cos(zy) | cos(zy)|

=0

I zy
im
(z9)—=(0,0) (22 + 2y2)/a? + y?

Given € > 0, we take § = . If 0 < /22 + y2 < § then,

cos(zy) =0

Isy ( ) < .’L'3y
cos(zy)| <
(22 + 2y?) /22 + y? (22 + 2y2)\/2? + 2
2?|z|ly|

(22 +242)/a? + 4
eyl _ VRV
_\/x2+y2 \/sr:2+y2

VPR <+ <b=c¢

so f is differentiable at (0, 0).

3-7. Compute the derivatives of the following functions at the given point p along the vector v
(a) f(z,y) =2 +2xy -3y, p=(1,2), v=(3,4).
(b) g(x,y) =e™ +ytan~ta, p=(1,1), v=(1,-1).
(c) h(z,y) = (2* +4) "%, p = (0,5), v = (1,-1).

Solution:
(a) V(m+2xy—3y2)‘ = (1+ 2y,2z — 6y)]

r=1y=2 (5,—10). So, the derivative along the vector
(3,4) is

r=1,y=2 =

(5,—10) - (3,4) = —25

(b) V(e™ +yarctanz)|,_; ,_, = (ye””y + 157, ze®™ + arctan 3:)

= (e+ 3,e +arctanl) = (e +
r=1,y=1

1.e+ Z). So, the derivative along the vector (1,—1) is

1 T 1 =«
Z Noag-n==_2
(ctaetD--1=1-7
2 4 ,2Y1/2 _ x y _ oot
(¢) V((z*+vy?) )|x:07y:5 (\/(m2+y2), \/(I2+y2)> oy (0,1). So, the derivative along the vector

(1,-1) is
0,1)-(1,—-1) = -1

3-8. Let B(x,y) = 10z — 22 — %xy + by be the profits of a firm. Last year the company sold x = 4 units of good 1
and y = 2 units of good 2. This year, the company can change slightly the amounts of the goods x and y it
sells. If it wishes to increase its profit as much as possible, what should ﬁ—z be?

Solution:

V(10x — 2 — % + 5y)

Yy xr
= (10-22-%-2% 5)
( TTyTy T

= (173)

r=4,y=2 z=4,y=2



3-9.

3-10.

3-11.

5

Since the gradient points in the direction of maximum growth of the function, if there is an increase (Az, Ay),
for the function to increase the most, we must have that (Az, Ay) = k(1,3). From here we obtain that Ax = k
y Ay = 3k. Hence, Ax/Ay =1/3.

Knowing that %(2,3) =T and D )£(2,3) = 3V/5, find 2—5(2,3) and D, f(2,3) withv = (£,%).

1 2
VARV
Solution: We know that

of 1

Dy anf9 = (Fen fen) o=
and also
of
9723 =T
Letting
_of
z= ay(2,3)

we have that

5 v5
But this is equivalent to
2
5 5
And, therefore
of
—(2,3) =
e

We may compute now

e (e ). (1) =0 () -2

Find the derivative of f(x,y,2) = xy? + 2%y, along the vector v = (1,—1,2) at the point (1 1,0). Determine
the direction which mazimizes (resp. minimizes) the directional derivative at the point (1,1,0). What are the
largest and smallest values of the directional derivative at that point?

Solution: The gradient of the function f(x,y,z) = zy? + 2%y at the point (1,1,0) is
VALL0)= Vg +2%)| o= (VP 20y + 22 22) | = (1,2,0)
The derivative along v is
D, f(1,1,0) = Vf(1,1,0) - v = (1,2,0) - (1,—1,2) = —1
The direction which maximizes the directional derivative is
Vf(1,1,0) 1
Vi 10l ~ V5

and the maximum value of the directional derivative is ||V f(1,1,0)| = v/5.
Likewise, the direction which minimizes the directional derivative is
V£(1,1,0 1
_M — 7(_17 _270)
IV LO)I V5

and the minimum value of the directional derivative is —||V f(1,1,0)|| = —/5.

(1,2,0)

Consider the function f(x,y) = 2* +y*> +1 y g(z,y) = (v +y,ay). Determine:

(a) The value of a for which the function f o g grows fastest in the direction of the vector v = (5,7) at the
point p = (1,1).

(b) The equations of the tangent and normal lines to the curve xy* — 22 + y + 5x = 6 at the point (4,2).

Solution: Consider the functions f(x,y) =22 +y* + 1y g(z,y) = (x + y, ay)



(a)

Their composition is f(g(z,y)) = f(z + y,ay) = (x + y)2 +a?y? + 1 and the gradient at the point (1, 1)
is
V(f(g(1,1)) = (2z + 2y, 2z + 2y + 2a°y)|__, gt = (4,4 + 2a%)
If we want that direction of the vector v = (5,7) is the direction of maximum growth of f(g(z,y)) at the
point (1,1) , we must have that v and V(f(g(z,y))(1,1) are parallel. That is,
4 + 2a? T
4 5

whose solution is
2

a=+t—
VB

Note first that the point (4,2) satisfies the equation xy? — 222 + y + 5z = 6. Now, the gradient of the
function g(x,y) = vy? — 222 + y + 52 = 6 at the point (4,2) is

Vg(4,2) = (y* — 4z + 5,22y + 1)| oy = (=7,17)

V=5
Thus, the equation of the tangent line is

(=7,17) - (x —4,y—2)=0
and the parametric equations of the normal line are

(@(t),y(t)) = (4,2) +¢(=7,17)

3-12. Find the Jacobian matriz of F' in the following cases.

(a)
(b)

F(z,y,2) = (zyz,2°2)
F(z,y) = (e*¥,Inx)

(c) F(z,y,2) = (sinzyz, xz)
Solution:
(a) The Jacobian matrix of F' is

(b)

()

Yz Tz Ty
DF($ay7z):<2x2 0 $2 >

The Jacobian matrix of

e  xe®V

The Jacobian matrix of
[ yzcosxyz XZCOSTYZ TYCOSTYZ
D F(SL‘, Y, Z) - ( 2 0 T )
3-13. Using the chain rule compute the derivatives
Jz 0z
or 00

in the following cases.

(a)
(b)

2= -2zy+y:, x=r+0,y=r—10

2 =1+/25—5x2 —5y2, x =rcosf, y =rsinf

Solution:

(a)

0z  0z0x 0z0y
ar — ozor ayor
= 20—2y—2x+2y=0
0z  0z0x  0z0y
96 ~ 9000  dyo0

= 20 —2y—(—2x+2y)=4(x—y) =80



0: _ 0200, 020y
or Oz dr  Oyor
10 1
= — x cosf — Oy sin 6
24/25 — 5x2 — 5y? 24/25 — 512 — 52
_ 57 cos? 5rsin®0 5r
V2552 V2552 V25— 52
0: _ 0z00 020y
00 0x 0 0Oyl
L 10z n 10y
/25 — 522 —5y2 /25 — 5a? — By?
10 10
= - < (—rsinf) — Y (rcos )
24/25 — bx? — 5y? 24/25 — bx? — 5y2

5r2 cos @ sin 6 B 5r2 cos @ sin @ B

V25 — 5r2 V25 — 5r2

3-14. Using the capital K at time t generates an instant profit of

B(t) =5(1 +t)Y?K

Suppose that capital evolves in time according to the equation K(t) = 120et/*. Determine the rate of change

of B.
Solution:
Since UK
IS o /4
7 30e

we see that
172 9K
dt
= 300(1+t)"Y2et/* 4 150(1 + t)'/2et/4

5
—B= = §(I+t)’1/2K+5(1+t)

. Verify the chain rule for the function h = { + Y4 2withe=e',y= et” and z = et’.

. Verify the chain rule for the composition f o c in the following cases.

(a) f(z,y) =y, c(t) = (', cost).
(b) flz,y) = €™, c(t) = (3t%,¢%).

Solution:

(a) The functions are f(z,y) = zy and c(t) = (z(t),y(t)) = (e',cost). Therefore, f(z(t),y(t)) = f(et,cost) =

et cost and g
gf(x(t), y(t)) = e’ cost — e’ sint
Now, we compute
V() %
dt
On the one hand,
Vi(@,y) = (y,z)

and

d
d—; = (e, —sint)
Therefore,

Vfe(t)) - % =y(t)e' — z(t)sint

which coincides with the computation above.



(b) The functions are f(z,y) = e® and c(t) = (z(t),y(t)) = (3t,t3). Therefore, f(z(t),y(t)) = f(3t*,t3) =
3 and

© Fa0) (1) = 1516

Now, we compute
Vi) L
Je() - 5

On the one hand,

Vi(a,y) = (ye™, ze™)

and
dc
— = (6t,3t2
dt ( ) )
Therefore,
de . . 5
Vfe(t)) - pri (6ye™¥t + 3ze™t?) |I:3t2,y:t3 = 15t4e3t

3-17. Write the chain rule h'(z) in the following cases.
(a) h(z) = f(z,u(z,a)), where a € R is a parameter.

Solution:
(a)
Of (x ul(z,a)) | Of (x,u(z,a)) u(z,a)

1) —
W(z) = oz dy ox

(b)
W () = 8f(a:,u(§z)7v(a:)) N 8f(a:,uéz),v(x)) )+ of (z,u(x),v(z))

3-18. Determine the points at which the tangent plane to the surface z = e(@=D’+¥* s horizontal. Determine the
equation of the tangent plane at those points.

Solution: Consider the function of 3 variables

g(z,y,2) = oVH g

We are asked to compute the tangent plane to the level surface
A={(z,y,2) R’ : g(z,y,2) = 0}
at the point (z,y, z) where this tangent plane is horizontal. At that point we must have that
Vg(x, Y, Z) = (07 07 _1)
Since,
— — Delz—D%+y? (z—1)%+y® _
Vy(z,y,2) = (2(:5 e ,2ye : 1)
we must have that © = 1, y = 0. The z coordinate is

(z—1)>+y° -1

zZ=e€ =
z=1,y=0

And the tangent is horizontal at the point (1,0,1). The equation of the tangent plane is

z=1

3-19. Consider the function f(x,y) = (we¥)3.
(a) Compute the equation of the tangent plane to the graph of f(x,y) at the point (2,0).

(b) Using the equation of the tangent plane, find an approzimation to (1,999e%002)3.

Solution:



9

(a) We are asked to compute the tangent plane to the graph of f at the point (2,0, f(2,0)) = (2,0,8).
Consider the function of 3 variables

g(z,y,2) = 2°e¥ — 2

The graph of f is the level surface of g,
A={(z,y,2) € R*: g(z,y,2) = 0}
Therefore, it is enough to compute the tangent plane to the level surface A at the point (2,0, 8). Since,
Vg(2,0,8) = (3z%e¥, 3x3e?, —1)|QE:27y:0,Z:8 = (12,24, 1)
the equation of the tangent plane is
(12,24,-1) - (z — 2,y,2 —8) =0
that is,
122 4+ 24y — 2 =16

(b) We are asked to estimate the function f(z,y) = z3e3¥ at the point (1’999, 0'002). Since, f is differentiable
and that point is very close to (2,0), we use Taylor’s first order approximation around the point (2,0),

z =12z + 24y — 16
and we obtain that

£(1'999,0'002) & (122 + 24y — 16)|,_ 11999 , 0002 = 8036

3-20. Compute the tangent plane and normal line to the following level surfaces.
(a) 22 + 2xy +2y? — 2 = 0 at the point (1,1,5).
(b) 22 +y? — 2 =0 at the point (1,2,5).
(c) (y—2?)(y —22%) — 2 =0 at the point (1,3,2).

Solution:
(a) We compute the gradient

V(z? + 2zy + 2% — z)|($,y7z):(171,5) = (22 42y, 2z + 4y, — )|,y =115 = (4,6,-1)
Thus, the equation of the tangent plane is
(4,6,-1) - (zx—1,y—1,2—5)=0
that is,
dr+6y—2=25
(b) We compute the gradient
V@ + 97 =2y = 2020, =Dl a5 = (2,4,-1)
Thus, the equation of the tangent plane is
(2,4,-1)- (z—1L,y—2,2—-5)=0
that is,
20 +4y—2=>5
(¢) We compute the gradient
V((y— ) —22%) = 2)| )z = (20— 22%) — daly — 2%).2y = 3% D) g
= (-10,3,-1)
Thus, the equation of the tangent plane is
(-10,3,-1) - (x — 1,y —3,2—2)=0
that is,
10z -3y +2z=3

3-21. Compute the tangent and normal spaces to the following level surfaces.
(a) 22 +2zy + 2y — 2= —1, 22 + 2y° + 2 = 9 at the point (—2,0,5).
(b) 22 —y? — 22 =2, 2%+ 2y% + 22 = 19 at the point (2,—1,1).
(c) 2 +azy+ 2t =2, 2 +y* + 222 =1 at the point (—1,0,1).

Solution:
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(a) We compute the gradients

2 2
V(z® 4 22y + 2y —z)|(x7y)z):(_17071)

and

2 2 _ _

V((E + 2y + Z)’(;c,y,z)z(—l,o,l) - (2%, 4y7 1)|(z,y,z):(—1,0,1) - (_47 07 1)
Thus, the equations of the tangent line are
—4(x+2)—4y—2+5=0, —4(z+2)+z-5=0
The solution is
y=—-2zx—-4,z=4r+13, zeR

The parametric equations of the plane perpendicular to the surface at the point p are

T = —2—4X —4)\
y = —4\
z = b—A+ X\

orz —2y+4z =18.
(b) We compute the gradients

V(IZ o y2 o Zz)|(w,y,z):(—l70,1) = (2I, 72y7 72Z)|(w,y,z):(—170,1) - (4’ 27 72)

and

V(z* + 2% + 2 = (423, 4y, 2z = (32,-4,2)

2
Nwar=-10.0 N asr=-10.0

Thus, the equations of the tangent line are
dx—2)+2y+1)—2(z—1)=0, 32(x—-2)—4(y+1)+2(z—1)=0
The solution is
y=18z—-37,2=20x -39, xR
The parametric equations of the plane perpendicular to the surface at the point p are

T = —=244)\ + 32X
y = =142\ —4X
z = 1=2X\ 42X,

or x + 18y 4+ 20z = 0.
(¢) We compute the gradients
V(z* 4+ 2y + 2

42° +y, 2, 42%)| —4,-1,4)

4 _ _
)|(r,yyz):(—170,1) = ( (2,y,2)=(-1,0,1) (

and
2 2 _ _
Vie+y +22%)| 0o Cron = (126,42) 0y~ (—10.0) = (1,0,4)
Thus, the equations of the tangent line are
—Ax+1)—y+4(z—1)=0, z+4>=-1)+1=0

The solution is

y:75x75,z:%—£, re€R
The parametric equations of the plane perpendicular to the surface at the point p are
r = —1—4X + X
y = -\
z = 144X +4)

or 20y — 4z + z = 5.

3-22. Let f,g:R? = R be two functions with continuous partial derivatives on R2.
(a) Show that if
of

_ Y

at every point (z,y) € R?, then f — g depends only on y.
(b) Show that if
of 9g

at every point (x,y) € R?, then f — g depends only on x.

= (22 42y, 22+ 4y, = 1),y o= (—1.01) = (=4, =4, 1)
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(c) Show that if V(f — g)(x,y) = (0,0) at every point (z,y) € R?, then f — g is constant on R2.
(d) Find a function f:R?> — R such that

af _ 2 of _ 2 _
ay(fmy)—yﬂc + x4+ 2y, agj(ﬂbﬂy)—yHy, f(0,0) =1

Are there any other functions satisfying those equations?

Solution: The functions f and g are of class C?.
(a) Let (a,b), (x,b) € R% Let h(x,y) = f(z,y) — g(z,y). By the Mean Value Theorem,

h(z,b) — h(a,b) = Vh(c) - (z — a,0)
for some point ¢ = (¢1,¢2) = t(x,b) + (1 — t)(a,b) = (tz + (1 — t)a,b) with 0 < ¢t < 1. Since,

oh
%(C) =0
we have that h(z,b) — h(a,b) = 0. That is, h(z,b) = h(a,b) for every x € R and the function h does not

depend on y
(b) Is very similar to the previous case.
(c) At each point of R? we have that
of-9) _9f-9) _,
ox oy
so f — g does not depend neither on z nor on y.
(d) We know that g—g(m, y) = ya® + x + 2y. Integrating with respect to y,

1
flx,y) = /(yx2 o+ 29)dy = SyPet +ay +yt + Cla)

where C(z) is a function that depends only on . The other condition is %(x, y) = y>x +vy. We try this
with the function that we have obtained,

o (1
2 (2y2x2 +zy 4+ 9% + C(x)) =yl +y+C'(2)
so, C'(z) = 0 and C(z) = ¢, a constant. To find ¢ we use the condition f(0,0) = 1. Thus,

1
flwy) = Sy’ +ay+y®+e
£(0,0) = cand f(0,0) =1. Hence c =1

The function f(z,y) = 2y?z%+ 2y +y? + 1 satisfies the above conditions. If there were another function g of
class C! satisfying the same conditions, we would have that V(f — g)(z,y) = (0,0) at every point (z,y) € R
By part (c) there is a constant A € R such that

(f=9)(z,y)=A
for every (x,y) € R%. But, since £(0,0) =1 = g(0,0), we have that A = 0 and the functions coincide.



