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Higher order derivatives.

@ For f : D — R we define the second partial derivatives as
Djf = ;2L — 0 (of
ij 8x,8>g ox; \0x; )"
o Likewise, we may define the higher order derivatives.

° Example' Let f(x,y,z) = xy? + e

zx Of

@ Then, m—y + ze ,W:2xy and %:xezx.

93f 2 O3f  _ zx  O*F _ _zx
® 5xox = 2 e”, ox0z — X€7 1 prax — X€

&f  _ 9*f
o Note Ox0z — 0z0x

@ This also holds for the other variables

0*f B 0?f an 0*f B 0*f
Oxdy  Jydx dydz  0zdy
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Schwarz's Theorem.

Theorem

Suppose that for some i,j =1...,n the partial derivatives

ﬁ O%f ﬂ O%f
Ixi” Oxi0x;’  Ox;’  OxjOx;

exist and are continuous in some ball B(p,r), with r > 0. Then,

O*f B 0% f (x)
Ox;0x; X) = O0x;Ox; 8

for every x in the ball B(p, r).
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N
Schwarz's Theorem.

@ Here is an example in which the assumptions of Schwarz's Theorem
do not hold.
)i (x,y) # (0,0);

o Let f(x,y) = x2+y?
(y) {o, if (x,y) = (0,0).

@ You may check the details in the notes of Chapter IV.
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Schwarz's Theorem.

o f is of class:
e C(D) if all the first partial derivatives % of f exist and are
continuous on D forall i=1... n.

e C?(D) if all the first partial derivatives % of f exist and are of class

CY(D) for every i =1,...,n.

o CK(D) if all the first partial derivatives g—)'; of f exist and are of class
Ck=Y(D) for every i =1,...,n.

o C®(D) if it is of class CX(D) for every i,k = 1,2, ...

@ All the functions we will work from now on are of class C* in their
domains of definition. The assumptions of Schwarz's Theorem will
hold.
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The Hessian matrix.

o Let f € C?(D). The Hessian matrix of f at p is the matrix

2
0 (p) = H(p) = (G 5-(0))

@ By Schwarz's theorem, the matrix H f(p) is symmetric.
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The Implicit function Theorem.

@ Consider the system of equations

fi(u,v) =0, fH(u,v)=0 -, fu(u,v)=0
e u=(u1,...,us) €R" will be the independent variables .
o v={(vi,...,vn) € R™ are the variables for which we want to solve

for.

@ We associate the following expression

o of;
ov ov,
a(flaf27"'7fm) ' .m
d(vi,...,Vm) or. or.
ovi T OVm
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The Implicit Function Theorem |I.

Theorem (The Implicit Function Theorem)

Suppose that the functions fi, fo, ..., fm : R" x R™ — R are of class C!
and that there is a point (ug, vo) € R" x R™ such that
Q fi(uo, vo) = f2(uo, o) = - - = fm(uo, o) = 0, and

O L (w0, vo) #0.
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R
The Implicit Function Theorem II.

Theorem (The Implicit Function Theorem)
Then, there are an sets U C R" and V C R™ and functions
gi,---8m: U — R such that
Q@ weU weV.
Q forevery uc U, fi(u,g1(v), ..., &gm(v)) = f2(u,81(v), ..., gm(u)) =
oo = f(u, g1(v), ..., gm(u)) = 0.
@ IfueUandv=(v1,...,vm) € V are solutions of the system of
equations fi(u,v) = fh(u,v) =--- = fn(u,v) = 0, then
vi = gi(u),...vm = gm(u).
©Q The functions g1, ...gm : U — R are differentiable and for each
i=1,2,....,mandj=12,...,n we have that

og (.o, Fm) O(fufornfm) (g1
ou; 0 (vi, . y Vm) O(Viy...yVm) '

<o Vie1, Ujs Vigd, - -

v
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The Implicit Function Theorem IlI.

o Explicitly,
O(f,fy. .. Tm)
O(V1,.. oy Vie1, Ujy Vigds -+ Vim)
on . ofi of O . Of
8V1 8V,‘,1 an 6v,-+1 avm
== det : . . .
Ofm ... Ofy  Ofm O . Ofn
8V1 8V,‘,1 an 8v,-+1 avm

@ The conclusion of the implicit function Theorem may be expressed in
the following way,

@ The functions v; = gy(u),va = g1(u), ...,V = gm(u) are the solution
of the system of equations.
@ The derivatives of the functions g1, ...gm : U — R may be computed

by implicitly differentiating the system of equations and applying the
chain rule.

© Applying several times the implicit function Theorem we may also
compute the higher order derivatives of the dependent variables.
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The Implicit Function Theorem. Example.

o Let

>4z +z = 1 (0.2)
3x+2y+z = 3

@ x =1, y=z=0is a solution of the system.
o Also

d(h,h) xze? e¥ +1
1 2) 01 =
3(y.2) (1,0,0) det< 5 1 >

= (Xzexy -2 — 2)|x:1,y:z:0 =—4 7é 0

x=1,y=z=0

@ The implicit function Theorem guarantees that we may solve for the
variables y and z as functions of x for values of x near x = 1.
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The Implicit Function Theorem. Example.

@ Furthermore, differentiating with respect to x in the system we obtain

x+ 72 +z(y+xy)e¥ +7Z = 0 (0.3)
3+2y +7 =

@ Now substitute x =1,y =z =10,

24+2/(1) = 0 (0.4)
3+2)/(1)+ (1) =

e So that Z/(1) = y'(1) = —1.
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The Implicit Function Theorem. Example.

@ This could be computed as well using formula 0.1,

9(f,f)

, a(x,z) (1,0,0) 1 2x + yze ¥ +1
(1) = 2 T 2 ey 3 X -
—4 4 x=1,y=z=0
e
4
and A(f1,h)
1,12 (1’ O, O)
Z/(l) — _ B(y,x) —
—4
1 xy Xy —4
:—det(ng 2x—|—3yze ) _ A
4 x=1,y=z=0 4
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|
The Implicit Function Theorem. Example.

e To compute the second derivatives y”(x) y z”(x), we differentiate
each equation of the system 0.3 with respect to x.

o After simplifying we obtain
242" 427 (y+xy") e +z(2y +xy")e¥ + z(y +xy')?e¥ +2" =0
2y +2"=0
@ Substituting x =1,y(1) =2z(1) =0, Z/(1) = y/(1) = -1

24+27'(1) = 0
2/(1) +2'(1) =

e We obtain Z”(1) = -1, y"(1) = 1/2.

o lterated differentiation allows us to obtain the derivatives of any order

200(1), yin)(2).
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The Implicit Function Theorem. Example.

@ Consider the equation
X222 42yz+ 24 +2=0

@ We will prove that the above equation determines implicitly a
differentiable function z(x, y) in a neighborhood of the point
(x0,¥0, 20) = (—1,-2,1).

e We first remark that (xo, yo,20) = (—1, —2,1) is a solution of the
system of equations. The function f(x,y,z) = x?z? +2yz + z* + 2 is
of class C*°.

o We compute

):}2x22+2y+4z =2

‘%‘(X,y,z):(—l,—z,l 3‘(><,y72):(—17—271)

@ By the implicit function theorem, the above system of equations
determines implicitly a differentiable function z(x,y) in a
neighborhood of the point (xo, yo, 20) = (—1, —2,1).
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The Implicit Function Theorem. Example.

o We compute

0z
a. _17 -2 )
o (-1-2)
o Differentiating the equation implicitly with respect to y,
0z 0z 0z
2x2 4= 2y~ +2z=0
8yZ—i- ayZ + 8y + 2z

e We plug in the values (xo, y0,20) = (—1, —2, 1) to obtain the following

0z
2— +2=
ay + 0

e So,

Z(-1,-2)=-1
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The Implicit Function Theorem. Example.

o We compute
0z
—(-1,-2
5’x( —2),

o Differentiating the equation implicitly with respect to x,

0z 0z 0z
2’z 4 2x + 423 42y —
x 8XZ+ Xzt 8xz + yax

e We plug in the values (xo, yo,20) = (—1, —2, 1) to obtain the following

0z
2& —-2=0
e So, 5
z
(b=
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