(1) Consider the set
A={(r,y) ER*: 22 +y* - 12< 0,2 + 2y > 0}
and the function
fla,y) = etV
(a) (20 points) Sketch the graph of the set A, its boundary and its interior and justify if it is open,

closed, bounded and/or compact.
Solution: The set A, its interior and its boundary are approximately as indicated in the picture.
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And the closure coincides with A, A = A. The functions hy(z,y) = 2x+y*>—12 and hy(z,y) = v+2y
are continuous and A = {(z,y) € R? : hy(x,y) < 0, ha(x,y) < 0}. Hence, the set A is closed (Note
also that DA C A). It is not open because ANOA # (). The set A is bounded. Therefore, the set A
18 compact.

(b) (10 points) Prove that the set A is convex.
Solution:  The set A is the intersection of two sets A = A1 N As with

Al = {(x,y) € Rz : hl(xay) < O}

A2 = {(l‘,y) € RQ : hQ(xay) 2 0}7
where the functions functions hi(x,y) = 2x + y? — 12 and ho(z,y) = = + 2y have been defined in

the previous part. The function hy is linear. Hence, the set As is convexr. We show next that the
set Ay is also conver. Consider the function g(x,y) = 2x + y* — 12. Its Hessian matriz is

0 0
0 4
which is positive semidefinite in all of R%. Hence, the function g is convex and the set Ay is convex.
Since, A is the intersection of convex sets, it is also convex.
(¢) (5 points) State Weierstrass’ Theorem. Determine if it is possible to apply Weierstrass’ Theorem
to the function f defined on A.
Solution: The set A is compact and the function f(x,y) = e> TV is continuous. Hence, Weier-

strass Theorem applies.

(d) (10 points) Draw the level curves of f, indicating the direction of growth of the function.
Solution:  For D > 0, the level curves

flz,y)=e2™ =D

are straight lines of the form

Graphically,
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The black arrow represents the direction of growth of the function f.

(e) (20 points) Using the level curves of f, determine (if they exist) the points of the set A where
the function f attains its global minimum and/or a global maximum values on the set A.
Solution: Graphically, the mazimum value is attained at the point (xo,yo) where the line
y = C — 3 is tangent to the graph of the curve 2x + y? = 12. Let y(z) be the function defined by
the equation 2x + y*> = 12 near the point (xg,yo). The slope of the line y = C' — 5 ism = —%.
Hence, y'(z0,) = —%. Taking derivatives, implicitly, we have

0 =2+ 2yoy'(x0) =2 —yo

Thus, yo = 2. Substituting this value in the equation 2x¢ + y3 = 12, we obtain xo = 4. The
mazimum value is f(4,2) = e*.
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Graphically, the minimum value is attained at the line y = —ix . And the mazimum value is
D Y, ) 2

f (x,—%x) =el=1.



(2) Consider the function f(z,y,2) = —2% — 22y — y> + 4yz — 2z° defined in R3.
(a) (15 points) Determine D, the largest open set of R® where the function f is strictly concave.

Solution: We have
Vf(z,y, 2) = (—2z -2y, —2z — 3y + 4z, 4y — 322) ,

-2 -2 0
H(f)(x,y,z) = -2 _6y 4
0 4 —62

We obtain D1 = —2, Dy = 12y — 4, D3 = 32 + 24z — 72yz. We require that
e D; < 0. It holds in R3.
e Dy > 0. Hence, y > %
e D3 < 0. Hence, z > ﬁ.
Therefore,
D= (2,y,2) €R?: >12>L
(b) (10 points) Prove that the set D found in the previous part is convex.
Solution: Let Dy = {(z,y,2) €R¥:y > 1, }, Dy = {(m,y,z) eR3:z> ﬁ} We see that
D, is convex. Consider the function g(y) = ﬁ, We have ¢"(z) = ﬁ > 0 fory > %
Therefore, g(x) is a convex function and Ds is convex. We conclude that D = Dy N Dy is also
CONVEL.



(3) Consider the system of equations

(a)

zy+22224+6 = 0
4y +22 = T
(10 points) Using the implicit function theorem, prove that the above system of equations de-

termines implicitly two differentiable functions y(z) and z(z) in a neighborhood of the point
(CUano,ZO) = (_1a47 1)

Solution:  We first remark that (xo, Yo, 20) = (—1,4,1) is a solution of the system of equations.
The functions fi(z,t) =ty —xy + 2z — 3 and fa(z,t) = t2x + 2 — 2 are of class C*°, because they
are polynomials. We compute

-1 —4
1 2

Tz 4z
1 2

‘8(f17f2) -9

0(y,z)

(zt)=(=1.4,1) (=(-140) ’

By the implicit function theorem, the above system of equations determines implicitly two differen-
tiable functions y(x) and z(x) in a neighborhood of the point (xo,yo,20) = (—1,4,1).

(15 points) Compute y'(—1), 2'(—1).
Solution: Differentiating implicitly the system with respect to x,

0 = ay(z)+y(x)+4zz(2)2 (z) + 22(x)?
0 = o(z)+2(x)+ 22
We plug in the values (xo,yo0,20) = (—1,4,1) to obtain
0 = —y'(-1)—42'(-1)+6
0 = y'(-1)+2(-1) -2

Therefore

(10 points) Compute Taylor’s polynomial of order 1 of the functions y(x) and z(z) at the point
o = —1.
Solution: Taylor’s polynomial of order 1 of the function y(z) at the point xg = —1 is
Py(z) = y(wo) + ¥ (zo)(z — m0) = 4 — 2(1 + )
Taylor’s polynomial of order 1 of the function z(x) at the point xg = —1 is

Py(x) = z(mg) + 2/ (w0)(x — 20) = 1+ 2(1 + )

(5 points) Use Taylor’s polynomial of order 1 of the functions y(x) and z(z) at the point o = —1
to give an approximate value of y(—0.99) and z(—0.99).
Solution:  We have

Pi(—0.99) =4 — 2 x 0.01 = 3.98

and
P(—0.99) =1+ 2 x0.01 =1.02



(4) Consider the quadratic form

Q(%Zh Z) = be + 4951/ - 2y2 + 2xz + 2yZ + GZ2

where a,b € R.
(a) (5 points) Compute the symmetric matrix A associated to Q.

(b)

Solution: The associated matriz is

b 2 1
A= 2 -2 1
1 1 a

(10 points) Compute the leading principal minors D;, D2 and D3 of A.
Solution: We have

o o |=—4=2, Ds=|Al=6-4a—b—2ab

D, = b, Dg:‘ b2 ‘
(15 points) For what values of a # 0 and b # 0 is the quadratic form @ positive definite?

Solution: We need Dy > 0,Ds > 0,D3 > 0. In particular we need b > 0, b < —2 which is
impossible. Hence. the quadratic form @Q is no positive definite for any value of a and b.

(15 points) For what values of a # 0 and b # 0 is the quadratic form @ negative definite?

Solution: We need D; < 0,Dy > 0,D3 < 0. That is, b < 0, b < =2 and 6 — b < 2a(b + 2).

Since, b+ 2 < 0, the last inequality is equivalent to a < %. Therefore, the quadratic form @

is negative definite for b < —2 and a < %.
(15 points) Classify the quadratic form @ for the values of b =0, a € R.

Solution: For b =0, we obtain that

0o 2 1
A= 2 -2 1
1 1 a
We consider the chain
0 2

D1:—2<0, Dy =

Hence, the quadratic form is indefinite.



(5) (a) (20 points) Consider the function f(z,y) : R> — R and the functions z(t, 2), y(t, 2)

defined by

f(z,y) =zy+e¥  and

rule to compute

oh
E(Ovl)a
Solution:
xz(0,1) =1,
( Y ):(yax+€y)a
Let g(t, 2) = (x(t, 2),y(t, 2)) = (t + 2%, t2).

Dot = (L5 ),

By the chain rule,

Oh Oh
(5o

Therefore,
oh

(10 points) Consider two function g(z,y) : R> — R and o(¢) : R — R?. Let
0) and A/(0) = 8. What is the value of

is known that ¢(0) = (1, -1), ¢/(0) = (4,
Solution: By the chain rule we have that

x(t,z) =t + 22,
And consider the composition h : R? — R defined by h(t,z2) = f(z(t, 2), y(t,

Oh

%(Oa 1)

y(07 1) =0

Df(1,0) =
We have

Dy(0.1) = (

5. (0. 1)) = Df(1,0) Dg(0,1) = (0,2) (

oh

5, (0.1)=0

— =

y(t, z) =tz

(0,2)

— =
[anl \V)

dg

:R2 — R

z)). Use the chain

() g(o(t)). It
(1, -1)?

8= 1(0) = Va(1,-1)- (.0 = (20, -0, 520, -0)) - (4.0 = 45 01,-1)
Therefore,
991 1) =2

ox



(6) Consider the point p = (0,1, —1) on the curve S defined by the equations

(a)

2?2 =20y +2y°+2=1 2 —y—22=-2
(10 points) Compute the tangent line to the curve S at the point p = (0,1, —1).
Solution: Let f(x,y,2) = 2? —2zy +2y> + 2 — 1, g(x,y,2) = 23 —y — 22 + 2. The gradient of the
functions f and g are
Vi(x,y,z) =2z —2y,—2x +4y,1), Vf(0,1,-1)=(-2,4,1)
and
Vg(x,y,z) = (3x2a_17_22)a v9(071a_1) = (07_172)
Hence the tangent line is the intersection of the following planes.

—2r4+4y—1)+2z+1=0, —(y—1)+2(z+1)=0

(10 points) Compute the parametric equations of the plane perpendicular to the curve S at the
point p = (0,1, —1). (These equation are of the form (z,y, z) = (x0,yo0, 20) + A1(a, b,c) + Aa(d, e, f))

Solution: The equations are

(z,y,2) = (0,1,—1) + A1(=2,4,1) + A\2(0,—1,2)

or
xr = 72)\1
= 14+4X — X2
z = —14 A +2X

(5 points) Compute the general (o implicit) equation of the plane perpendicular to the curve S
at the point p = (0,1, —1). This equation is of the form ax + by + cz = d.

Solution: We start from the equations

r = —2)\1
= 144X — X2
z = =14+ X +2X\
We rewrite them as
2r = —4>\1
y = 1+ 4XN1 — Ao
4z = —4 44X + 8o

Adding the first equation to the second and third equations, we obtain

20 = 74A1
2x =+ y = 1-— )\2
20 +4z = —4+4 8\,

We multiply the second equation by 8.
2$ = —4)\1
16z +8y = 8—8\
20 +4z = —448X\



and add the second equation to the third one.

20 = 74)\1
16 4+8y = 8—8X\o
18z +8y+42z = 4

The equation of the normal plane is 18x + 8y + 4z =4 .



