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(a) (5 points) Find the general solution of the difference equation
Tty — 2$t+1 + 4£Ct =0.

Note: v12 = 24/3.

(b) (5 points) Find the general solution of the difference equation
Tty — 21’t+1 + 41’t =t+1.

(¢) (5 points) Find the solution of the initial value problem

2
Tiqgo — 20441+, =14+ 1, 29 = 3 T = 3

Solution:

(a) The characteristic equation is 72 — 21 +4 = 0, the solutions of which are 7 o = 2£Y1=16 nglﬁ =1 :I:i¥ =1+4/3.
The module is |r1 2| = /1 + 3 = 2 and the argument of r; is § = arctan V3 = % Hence

xy = 2" (Cy cos (5t) + Casin (5t)).
(b) Try a particular solution At + B, with unknown constants A and B which are determined by
At+2)+ B—-2A(t+1) —2B+4At+4B=t+1,
obtaining A = B = % Hence
xp = 2" (Cycos (5t) + Cosin (5t)) + 5t + 3.
(c) 2=C1+ 3, hence Cy =
1 =201 + Ca/3 + %, hence Cy = — -1~

3v3
The particular solution is thus

w =2 (L eos (5t) = ghasin(50)) + St +
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Let the matrix

a 0 O
A= b -2 2 |,
2 =2 3

where a and b are parameters.
(a) (5 points) Determine the eigenvalues of A.
(b) (5 points) For which values of the parameters a,b is the matrix A diagonalizable?

(c) (5 points) For the values a = 3 and b = 1, determine a diagonal matrix D and an invertible matrix P such
that P~*AP = D.

Solution:

(a) pa(A) = (a —A)(A2 = X —2) = 0 has roots a, 2 and —1.

(b) Case (i): if a # 2 and a # —1, then A is diagonalizable, since A has 3 distinct eigenvalues.
Case (ii): if @ = 2, then the eigenvalue 2 is double. The matrix A — 213 is

0 0 O
b —4 2
2 -2 1

which has rank 1 iff b = 4.
Case (iii): if @ = —1, then the eigenvalue —1 is double. The matrix A + I3 is

0 0 O
b -1 2
2 -2 4

which has rank 1 iff b = 1.
Summary: A is diagonalizable if a # £1, orifa =2 and b=4 orif a = —1 and b = 1.

(c) a = % means that we are in Case (i).

3
-5 0 0
2
u e S(2) if 1 —4 2 |wu=0. That is, z =0 and z = 2y. Letting y = 1, we obtain (0, 1, 2).
2 -2 1
0 0 O
wueSE)if | 1 =2 2 Ju=0. Thatis 2 — 3y + 22 =0, 2z — 2y + 3z = 0. Eliminating = from both
2 -2 2
2
equations, —3y — %z =0, or y = 3. Letting z = 1 we obtain (—%, %, 1).
5.0 0
weS(-1)if [ 1 -1 2 |u=0. Thatis, (0,2,1).
2 =2 4
Hence
0 -2 0
P=1|1 3 2 |,D=diag(2,3,—1).
2 1 1
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Consider the following system of linear difference equations.

Ti41 % 0 0 Tt 1
Yerr | = 1 =2 2 vy | +{ 0
Zt+1 2 -2 3 Zt 2

Note that the matrix of the system is the matrix A of Problem 2 above when a = % and b =1.

(a) (5 points) Find the stationary or equilibrium point of the system. Study the stability of the equilibrium
point (stable, locally stable, unstable, saddle point), finding the stable manifold in the case that the point is
a saddle.

(b) (5 points) Determine the general solution of the system.

Solution:

(a) The steady state satisfies

r = 3 +1
y = T -2y +2z
z = 2xr -2 +3z +2

The solution is (2, —4, —7).

In Problem 2 we found that the matrix of coefficients has eigenvalues %7 2 and —1. The equilibrium point is un-
5

r—3y+22=0

. . . . . . ‘e l . L . . .
stable, but it is a saddle point. The stable manifold is S(35), which is the line of equations { 9% — 2y + gz -0

(b) It has been found in Problem 2 that the matrix A is diagonalizable and the eigenvectors, thus the general
solution is

Iy —3 0 0 2
ye | =Ci27" | 3 | +C2 [ 1 | +C(-D)" | 2 |+ | —4
Zt 1 2 1 -7

where C1, Cy y C5 are arbitrary constants.
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Consider the ODE
o’ +x =13 t#0.

(a) (5 points) Find the general solution.
(b) (5 points) Find the solution of the initial value problem

ote’ +x =12, x(25) = 126.

What is the interval of definition?

Solution:

(a) Let us look for a solution of the form z = uv. We have 2’ = v'v + uv’. We obtain
2t () (t) 4 2tu(t)v’ (t) + u(t)v(t) = t2
We choose u so that
200" (t) +v(t) =0
This is a separable equation. The solution is v = —= for ¢t # 0. With this choice, the ODE becomes

Vit

5/
2/|t|u'(t) =t so u = % + ¢1. The general solution is

r(t) =uww=—+ —F—=
(b) We have
x(25):125—|—%1 ~126

It is enough to take ¢; = 5. The solution is

t2 5
z(t) = — +

5 W, t e (0,00)



(a) (5 points) Find the general solution of the ODE
2 — 2 —6x=0
(b) (5 points) Find the general solution of the ODE
2 —x' —6x=30t+5
(¢) (5 points) Find the solution of the following initial value problem
2 -2 —6x=30t+5, z(0)=4 2'(0)=2
(d) (5 points) Find the solution z(t) of the following initial value problem

2/ -2 —6x=0, z(0)=1 Ilim z(t)=0

t—o0
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Solution:

(a) The general solution is
clefzt + 8263t

(b) We look for a particular solution of the form z, = A + Bt. We have

r 7
acp—B xp—O

Hence,
2 -1’ —6x=—-6A—B—6Bt=30t+5

It is enough to take A = 0, B = —5. The general solution is

x(t) = cre™? + cpe3t — 5t

(¢c) We have
2'(t) = —2c1e” % 4 3cpe® — 5
Thus,
z(0) = 4=+
2'(0) = 2=-5-—2¢c; + 3¢

We. obtain ¢; = 1, ¢ = 3. The solution is

cre” 2 4 epe® — Bt
(d) The general solution is
cre 2 4 cpe®

We must take ¢; = 1, ¢; = 0. The solution is ¢;e~2*.
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Consider the following system of ODE’s

—15 — 3z + 5y + zy
—2z 4+ xy

—N
Qd\ a\
[

(a) (5 points) Determine the stationary points.

(b) (5 points) Determine the stability of the stationary points.

Solution:

The stationary points are the solutions of the following system of equations

0 = —-15—-3x+5y+ay
0 = 2242y

The second equation may be written as z(y —2) = 0. So, either = 0 or y = 2. The solutions are (—5,2) and
(0,3). The Jacobian matrix of the system is

J(a,y) = ( y—3 :c+5>

y—2 T
We see that
< > The eigenvalues are —1 and —4. Hence, (—5,2) is a stable node.
e J(0,3) = < (1) (5) > The eigenvalues are —/5 and /5. Hence, (0, 3) is a saddle point.



