University Carlos III of Madrid Departament of Economics
Game Theory: Problem set 1. Solutions.

Exercise 1: For each one of the following normal form games find

(a) The pure-strategy Nash equilibria and their payoffs;
(b) The mixed-strategy Nash equilibria and their payoffs;

(¢) Are there any equilibria in dominant strategies? If yes, which ones?

C D
(a) A [ =50,—50 [ 100,0
B | 0,100 0,0

Solution: The best responses of the players are

C D
A | =50,-50 100,0
B | 0,100 0,0

There are two NE in pure strategies: (A, D) and (B,C). We look for a NE in mized strategies of the
form

o1 = A+ (1—-2z)B
oy = yC+(1—-y)D

The expected utilities of the players are

ui(A,o2) = =50y +100(1 —y) = 100 — 150y
u1(B,o2) = 0O0xy+0x(l1—y)=0

and
us(o1,C) = 50z +100(1 — z) = 100 — 150z
us(o1,D) = Oxz+0x(1—2)=0

FEquating the utilities of the players

100 — 150y =0, 100 — 150z =0

we obtain x =y = % Thus, there is an additional NE in mixed strategies,

2 1

= -A+-B
o1 3 + 3
2 1

= -C+=-D
() 3 + 3

C D

b)) A[-1,2]1,2
B|1,-2]-1,2
Solution: The best responses of the players are

c D
71;2 1372
1,-2 | -1,2

=) b

A
B




There are no NE in pure strategies. We look for a NE in mized strategies of the form

o1 = zA+(1—x)B
oo = yC+(1—-y)D

The expected utilities of the players are

u(A,02) = —y+(1-y)=1-2
u(B,o2) = y—(1-y)=2y—1
and
ug(01,C) = 20-2(1—2z)=4z—2
us(o1,D) = —20+2(1—2)=2—-4x

Equating the utilities of the players
1-2y=2y—1, 4dr—-2=2-—4x

we obtain x =y = % Thus, there is an additional NE in mixed strategies,
1 1
= -A+-B
7 2473
1 1
= = -D
g9 2C + 9
C D
A | —10,—10 0,—20
B —20,0 10,10

Solution: The best responses of the players are

C D
A[—=10,—-10 ] 0,-20
B[ —20,0 10, 10

There are two NE in pure strategies: (A,C) and (B, D). We look for a NE in mized strategies of the
form

o1 = A+ (1—-2)B
yC+ (1 —-y)D

02

The expected utilities of the players are

ui(A,o2) = —10y+0x (1—y)=—-10y

ui(B,o3) = —20y+10(1 —y) = 10— 30y
and

us(01,C) = —-10z+0x (1 —z)=—-10x

us (o1, D) —20z + 10(1 — z) = 10 — 30z
FEquating the utilities of the players

—10y = 10— 30y, —10z = 10 — 30z

we obtain x =y = % Thus, there is an additional NE in mized strategies,
1 1
= -A+-B
01 5 + 5
1 1
= -C+=-D
() 5 + 5



C D

(d) A|3,3]0,0
B[00 1,1
Solution: We look for a NE of the form

o1 = zA+(1—-2)B
oy = yC+(1-y)D

The expected utilities of the players are

ui(o1,02) = l—z—y+doy=1-y+z(dy—1)
us(o1,02) = l—z—y+doy=1—z+ylde—1)
We see that
1 z'fy>i
BRi(y) = 1 0,1] ify=7
0 z'fy<i
and
1 if x> ;
BRy(z) =< [0,1] ifz =1
0 fo<%
Graphically,
)
BRQ(.’L‘)
1 ,,,,,,
BR; (y)
1/4 !
1/4 1 z

And we obtain three NE

(a) (A,C) with payoffs uy = us = 3.
(b) (B, D) with payoffs u; = us = 1.
(c) (FA+ %B, 10+ %D) with payoffs u1 = us = %.
C D
() A| 4,-8 | —2,-7
Bl 1,5 | 1,6
Solution: We look for a NE of the form

o1 = zA+(1—x)B
yC+(1-y)D

g2



The expected utilities of the players are

ui(o1,02) = —l—z+2y+doey=—-14+2y+z(dy—1)
ug(o1,02) = —6—x4+y—2zy=—-6—z+y(l—2x)
We see that
1 ify>1
BRi(y) = {[0,1] fy=1
0 ify <%
and
1 ifo <3
BRy(z) =< [0,1] ifz=1
0 if x > %
Graphically,
Y
1 ,,,,,,,,,,,
BRi(y)
1/4 ‘
1/2 1 x

And we obtain a unique NE
1 1 1 3
(A, C), (B,D), (A +:-B,5C+ D)

with payoffs

C D
) A[ 25 [ 8-1
B| 4,-8 | —2,-3
Solution: We look for a NE of the form

o1 = zA+(1—x)B
o2 = yC+(1—-y)D

The expected utilities of the players are

ui(oy,02) = —2410x+ 6y — 122y = —2 + 6y + (10 — 12y)
ug(o1,02) = —3+4+2x—5y+ 1lley = -3+ 2z +y(1lz —5)



We see that

1 if y < %
BRi(y) = {[0,1] ify=2
0 ify > 2
and
1 ifr>3
BRy(z) = ¢ [0,1] ifz=2
0 ifx < %
Graphically,
)
BRQ(JJ)
1 ‘
5 l
6
BR1(y)
T 1 v
And we obtain a unique NE
5 6 _ 5 1
A C B,D —A+—B,-C+ =D
(4.0 (B (FA+fB5C+5D)
with payoffs
23
Uy = 3 U = _ﬁ
C D
(g) A[ 10,10 [ —2,—7
B | 1,-5 1,1
Solution: We look for a NE of the form
o1 = zA+(1—x)B
o2 = yC+(1-y)D
The expected utilities of the players are
ui(o1,02) = 1—-3x+12zy =1+ 2(12y —3)
uz(o1,02) = 1—8zx—6y+23zy=1—8z+y(23z —6)
We see that
0 ify <%
BRi(y) = {0,1] ify=7
1 if y > %



and

1 if x > 2%
BRy(z) = ¢ [0,1] ifz=;
0 ifx <%
Graphically,
Y
1 ,,,,,,
BR(y)
1
4 I

And we obtain three NE
(a) (A, C) with payoffs uy = uy = 10.
(b) (B, D) with payoffs u; = us = 1.

(c) (26—3A—|— %B, iC’—i— %D) with payoffs u1 = 1, us = —g—g.

Exercise 2: For the normal form games below determine

(a) the strategies that survive the iterated elimination of strictly dominated strategies.
(b) the pure strategy Nash equilibria of the game.

(¢) the mixed strategy Nash equilibria of the game.

X Y Z

(a) A 20,10 | 10,20 1,1
B | 10,20 | 20,10 1,1

C 1,1 1,1 0,0
Solution: Note that C i

is dominated by A for player 1. Hence, we obtain the game

X Y A
A [20,10 | 10,20
B [10,20 | 20,10

1,1
1,1

b)

Now that Z is dominated by X for player 2. Hence, we obtain the game

X Y
A [ 20,10 [ 10,20
B [10,20 | 20,10

The rationalizable strategies are {A, B} x {X,Y'}. The best replies of the players are



X Y
A [20,10 ] 10,20
B [10,20 | 20,10

We see that there are no NE in pure strategies. Let us look for a NE in mixzed strategies of the form
o1 = zA+(1—2x)B
oz = yX+(1-yY¥Y
The expected utilities of player 1 when he chooses pure actions are
ui(A,o2) = 20y+10(1 —y) =10+ 10y
u1(B,02) = 10y +20(1 —y)=20— 10y
We must have that 10 + 10y = 20 — 10y. That is y = %
The expected utilities of player 2 when he chooses pure actions are
uz(o1,X) = 10x+20(1 —x) =20 — 10z
us(o1,Y) = 20x+10(1 —z) =10 — 20z

FEquating 20 — 10z = 10 — 20z, we obtain x = % We conclude that there is a NE in mized strategies,

1 1

= -A+-B

o1 5 +2

1 1

= -X+-Y

(o) 5 +2
D E F
A[20]1,1]42
B|34]12]23
C|11,3]0,2]3,0

Solution: Note that C is dominated by A for player 1,

D E F

A|120]1,1]4,2

B|134]1,2]23

And now E is dominated by F for player 2,

D F
4,2
2,3

b)

A
B

2.0
3,4

bl

The rationalizable strategies are {A, B} x {D, F}. The best responses are

D F

A2
B | 3,

2

DN (|~
W o

=[O

b)

and we obtain that the NE in pure strategies are (B, D) and (A, F).

We look now for a NE in mized strategies of the form
o1 = zA+(l1—z)B
oo = yD+(1—2)F
The expected utilities of player 1 when he chooses pure actions are

ui(d,02) = 2y+4(1-y)=4-2y
u1(B,o2) = 3y+2(1-y)=2+y



We must have that player 1 is indifferent between A, B. That is 4 — 2y = 2+vy. Therefore, y = 2/3.
The expected utilities of player 2 when he chooses pure actions are

us(o1,D) = 0x+4(1—2)=4—4x

us(o, F) = 2x+31—2)=3—=x

We must have that player 2 is indifferent between D and F. That is, 4 — 4x = 3 — x. Therefore,
x =1/3. We obtain the NE

1, 2 2 1
SA+iB,SD+-F
(3 353 +3)

with expected payoffs uy = ug = %.

D B F

Al 22 1 1,1 | 4,3
B[l 1,4 | 0,5 | 33
cl 33 -22] 30

Solution: Note that B is dominated by A for player 1,

D E r
Al 22 [ 1,1 | 4
c| 33 -22]3

And now E is dominated by D for player 2,

D F

Al[22743
C3.3]30

The rationalizable strategies are {A,C} x {D, F'}. The best responses are

D F

A2,
C |3,

o i
=] 13

y)
b)

100 [ DO

and we obtain that the NE in pure strategies are (C, D) and (A, F).

We look now for a NE in mized strategies of the form

o1 = zA+4+(1—x)C
oo = yD+(1—2a)F

The expected utilities of player 1 when he chooses pure actions are

ui(A,o0) = 2y+4(1—y)=4-2y

u(Coo2) = 3y+3(1-y)=3
We must have that player 1 is indifferent between A and C. That is 4 — 2y = 3. Therefore, y = %
The expected utilities of player 2 when he chooses pure actions are

ug(01,D) = 22+3(1—-2z)=3-z

uz(01, F) = 3x+0(1—2z)=3z
We must have that player 2 is indifferent between D and F. That is, 3 — x = 3x. Therefore, v = %.

We obtain the NE 3 . ) )
-A+-B,-D+ -F
(4 + 4772 + 2 )

with expected payoffs uy = 3, us = %,



D E F
Al 4,-1 3,4 2,0
B 1,4 -3,5 | —3,-3
C 3.3 2,2 8,—-3
Solution: Note that B is dominated by A for player 1,

D E F
Al4,-17] 3,4 | 2,0
Cc| 33 [2-2[8-3

and F is dominated by E for player 2,

D E
Al4,-17 3,4
Cc| 33 2,2

Now, C is dominated by A for player 1,

D E
Al4-17 34 ]

And D is dominated by E for player 2. The set of rationalizable strategies is {A} x {E}. The unique
NE is (A, E).

D E r
Al 2,-1 [ 2.1 [ 4,-2
Bl 2-1 | —2,-1] 3,-2
cl 13 —2.2 | 3.4

Solution: Note that C is dominated by A for player 1,

D E F
Al 2,1 ] 2,-1 | 4,-2
Bl 2,-1 | —2,-1] 3,-2
and F is dominated by D for player 2,
D E
Al 2,-1 2,—1
Bl 2,-1 | -2-1
The best responses of the players are
D E
A 27 —1 2; —1
Bl 2,-1 | -2-1

We have three NE in pure strategies: (A,D), (A, E) and (B,D). We look now for a NE in mized
strategies of the form

o1 = A+ (1—2z)B
g2 = yD+(1—y)E

The expected utilities of player 1 when he chooses pure actions are

ui(A,o9) = 2y+2(1—y)=2
ui(B,os) = 2y—2(1—y)=-2+4y



Now, for 0 < y < 1 we have that ui(A,o9) > —2 + 4y. Hence, in a mized NE, player 1 will not
choose strategy B with positive probability unless y = 1. The expected utilities of player 2 when he
chooses pure actions are

ug(01,D) = —z—(1—-2)=-1
us(o, B) = —ax+—-(1—-2z)=-1

for any 0 < x < 1. Player 2 is indifferent among all his strategies. We obtain infinitely many NE of
the form,

o1 = zA+(1—-2)B, 0<z<1
09 = D

with payoffs u1 = 2, us = —1. And we also obtain infinitely many NE of the form,

g1 = A
o2 = yD+(1-yE, 0<y<1

with payoffs u; = 2, ug = —1.
A B C D

X[1,4]22]4,1]20
v [0,0]1,3]25]0,0
Z[0,1]50]81]3,3

Solution: Note that Y is dominated by X for player 1,

X
A

w o

oo

Now, B is dominated by A for player 2,

A cC D
1,4
0,1

X
A

4,1]2,0
8,133

For the moment, we consider the strategies S1{X,Y}, So = {A,C,D}. The best responses of the
player are

A C D
4141
1 1

b)

b)

X
A

100 | i~

=l
1o [N
Iw |

b)

We obtain two pure strategy NE: (X, A) and (Z,D). We look now for a NE in mized strategies of
the form

o = pX+(1-pZ
o2 = zA4+yC+(1—x—y)D

The expected utilities of player 2 when he chooses pure actions are

us(o1,A) = 4dp+(1—-p)=1+3p
uz(01,C) = p+(1—-p)=1
up(01,D) = O0p+3(1L—p)=3—3p

We represent this three functions graphically,

10



us(o, A) =1

=
()
-
R)
o
S
Il
w
|
w
=

=
Q
~
I
—

us (0o

|
:
1
: 1 p

We see in this picture, that player 2 does not want to consider strategy C. In fact, consider now the
mized strategy

1 1
=-A+=-D
lop) 5 + 2
for player 2. Note that
UQ(X,O'Q) = 2>1:u2(X,C)
UQ(Z,O'Q) = 2> 1:u2(Z,C)

That is, strategy C is (strictly) dominated the the mized strategy oo. We may eliminate strategy C.
The rationalizable strategies are {X,Y} x {A, D}. The best responses of the player are

A D

)]

b)

X
A

— [~

=
SSI
(| O

b) )

We obtain two pure strategy NE: (X, A) and (Z,D). We look now for a NE in mized strategies of
the form

gy = pX+(1—p)Z
o9 = zA+(1—2)D

The expected utilities of player 2 when he chooses pure actions are

us(o1,4) = 4dp+(1-p)=1+3p
UQ(O'l,D) = 0p—|—3(1—p):3—3p

We represent this three functions graphically,

11



We see that

D (x=y=0) if 0<p
BR2(01) = {Aa D} (I € [0, 1]y = 0) Zf b= %
A (z=1) if $<p<
The expected utilities of player 1 when he chooses pure actions and y = 0

u(X,00) = z+2(l-2z)=2-=z
ui(Z,09) = 0x+3(1—2)=3-3x
Hence,
Z  (p=0) if 0<z<i
BRi(02) = {X.Z} (pe[0.1]) i =3
X  (p=1 if t<a<i1
Graphically,

BRa(p)

BRl ({E)

N|=

W

And we obtain three NE

(a) =y =0;p=0. That is, (Z, D), with payoffs u; = us = 3.

12



(b) x=1,y=0; p=1. That is, (A, X), with payoffs u1 =1, us = 4.
(c) x= %, y=0;p= % That is,

with payoffs uy = %, ug = 2.

Exercise 3: For the normal form game

1

2

.
oL 34 T3
1 1
X Y Z
A [10,30 | 0,20 | 20,30
B | 15,35 | 10,40 | 10,40
C | 25,25 | 5,25 5,25

determine all the Nash equilibria of the game.

Solution: There are no (strictly) dominated strategies. The best replies of the players are

We obtain three NE in pure strategies, (A,Z), (B,Y)and (C,X).

strategies of the form

X Y z
A [10,30 | 0,20 | 20,30
B [ 15,35 | 10,40 | 10,40
C 25,25 5,25 | 5,25

g1

(o)

The expected utilities of player 1 when he

U](A, 02)
Ul(Ba 0—2)
ul(Oa 02)

The expected utilities of player 2 when he chooses pure actions are

Ug(O’l,X) =
’LLQ(O‘l,Y)
’LLQ(O'l, Z)

Thus, the expected payoffs of the players under these strategies are,

U1(01,02) =

U2(0'1702) =

= aA+0B+(1—a-0b)C
= s X+yY+(1-2—-y)Z

chooses pure actions are

We look now for a NE in mized

10x +20(1 —x —y) = 20 — 10x — 20y
152 4+ 10y + 10(1 —z —y) = 10 + 5z
252 4+ 5y +5(1 —x —y) =5+ 20z

30a + 35b + 25(1 — a — b) = 25 + 5a + 10b
20a + 40b + 25(1 — a — b) = 25 — 5a + 15b
30a + 40b + 25(1 — a — b) = 25 + 5a + 15b

5+ 20z + 15a — 20ya — 30xa + 5b — 15xb

25 + ba — 10ya + 15b — 5zb

Case 1: Find all NE with a > 0. We start by noting that if a > 0, then strategy Y is dominated by
strategy Z for player 2. Thus, we may assume that

and we obtain

y=0
ui(A,00) = 20— 10z
u1(B,02) = 104 b5z
u1(Cyo2) = 5+20z

We represent this three functions graphically,

13



us(C,09) =5+ 20z

us(B,02) =10+ bz

ui (A, o9) =20 — 10z

Hence,
A (a=1,b=0) ifr <3
BRi(02) = ¢ {4,C} (a€[0,1],b=0) ifx=3
C(a=0,b=0) ifz >3

Since we are assuming a > 0, we do not study, for the moment, the case v > % We may assume
b=0

Hence,

us(o1,X) = 25+ 5a
uz(01,Z) = 25+5a

and player 2 is indifferent between X and Z for any value of 0 < a < 1. Hence, for a > 0, we obtain the
following two families of NE.

oo = zX+(1—-2)Z, 0<z<=

with payoffs u; = 20 — 10z, ug = 30.

2.
o1 = aA+(1-a)C, 0<a<l1
1 1
- X 4-Z
02 5 +2

The (expected) utilities of the players are

ui(o1,02) =15, ug(o1,02) =25+ 5a

14



Case 2: Find all NE with a=0. If a = 0 we have that the expected utilities of player 2 when he
chooses pure actions are

ug(o1,X) = 254100
uz(o1,Y) = 25+ 15b
UQ(O'l,Z) = 25+4+15b

So for b > 0, strategy X is dominated by strategies Y and Z, for player 2. Le us assume b > 0. Then we
may also assume x = 0. That is, oo = yY + (1 —y)Z. And we obtain

ul(A,O'Q) = 20— 20y
ul(B,UQ) = 10
ul(C, 02) =5
Since, we assume a = 0, we see that
B= BRl(OQ)
iff y > % and we obtain the family of NE
S1 = B
1
op = yY+(1-y)Z, ;<ys<l

with payoffs ur = 10, ug = 40.

For a =b =0, player 2 is indifferent between all strategies X, Y, Z. Player 1 chooses a = b =0 iff

ui(A,o2) = 20—10z —20y < 5+ 20z = u1(C, 02)
u1(B,0o2) = 045z <5420z =u1(C,09)
That is, if
1
T > 3 3 < 6x + 4y
Graphically,
s
1
3/4
s+t=1
3—4s—6t=0
1/3 1/2 1 t

The yellow area represents the values of (x,y) for which we have 3 — 4y — 6x < 0 and 1 — 3z < 0. This
region may be described as

1
A={(z,y) eR*: = <z <

= , 0<y<1-
3 < <y<l—ua}

3
4

N |



Thus, we find infinitely many NE of the form

g1 = C

oy = 2 X+yY+(1—z—-y)Z, =xz,yeA

The utilities of the players are
ur =54+20x us =25

Exercise 4: Consider a game in which there is a prize worth $30. There are three contestants, A, B,
and C. Each can buy a ticket worth $15 or $30, or not buy a ticket at all. They make these choices
simultaneously and independently. Once the ticket purchase decisions have been made, the prize is
awarded. If no one bought the ticket, the prize is not awarded. Otherwise, the ticket is awarded to the
buyer of the higher cost ticket if there is only one such player, or split equally between two or three
players if there are ties among the highest cost ticket buyers.

1. Write the normal form of the game. (Hint: Draw a box for each of player C?7s possible strategies.)

2. Identify the Nash equilibria in pure strategies of this game.

Solution: Player C' chooses one of the following 3 matrices

Player B
0 15 30
(a) Player C chooses 0: 0 0,0,0 0,15,0 0,0,0
Player A 15 | 15,0,0 0,0,0 —15,0,0
30 | 0,0,0 0,—15,0 | —15,—15,0
Player B
0 15 30
(b) Player C chooses 15: 0 0,0,15 0,0,0 0,0,—15
Player A 15 0,0,0 —5,—5,—5 —15,0,—15
30 0,0,—15 0,—15,—-15 —15,-15,-15
Player B
0 15 30
(¢) Player C chooses 30: 0 0,0,0 0,—15,0 0,—15,—15
Player A 15 —15,0,0 —15,—-15,0 | —15,—15,-15
30 | —15,0,-15 | —15, 15,15 | —20, 20, 20
The best responses of the players are
Player B
0 15 30
(a) Player C chooses 0: 0 0,0,0 0,15,0 0,0,0
Player A 15 | 15,0,0 0,0,0 —15,0,0
30 0,0,0 0,—15,0 | —15,-15,0
Player B
0 15 30
(b) Player C chooses 15: 0 0,0,15 0,0,0 0,0,—15
Player A 15 0,0,0 —5,—5,—5 —15,0,-15
30 0,0,-15 0,—15,—15 | —15,—15,—15
Player B
0 15 30
(¢) Player C chooses 30: 0 0,0,0 0,—15,0 0,—15,-15
Player A 15 —15,0,0 —15,-15,0 —15,—-15,-15
30 [ —15,0,-15 | —15,-15,-15 | —20, 20, 20

16




We see that there are 6 NE in pure strategies of to types:

Type 1: One player plays 0 and the other two play 15.

Type 2: One player plays 15 and the other two play 0.

Exercise 5: Two firms, 1 and 2, produce heterogeneous products. If the two firms set prices p; and ps,
respectively, the quantities demanded of the products of the two firms will be,

z1(p1,p2) = max{O, 180 — p; — (p1 —

x2(p1,p2) = max{O, 180 — po — (pz -

p1+p2
2

p1 + D2
2

The above demand functions describe a situation in which the products are not perfectly homogeneous.
For instance, the demand for good 1, even if decreasing in the price set by firm 2, is positive also when
p1 > pa (which is not the case when the good are homogeneous), or, in a different way, the demand for
good 1 will be lower than 180 — p; when the price of good 1 is higher than the mean of the prices (and
therefore higher than ps) and higher than that when the price of good 1 is lower than the mean of the
prices (and therefore lower than py). Assume that the firms have constant marginal costs MC; = 20
and MCy = 20. Assume also that the characteristics of the market are such that the firms have to set

simultaneously the prices.

Determine equilibrium profits, 1 (p1,* p3) and ma(p7, p3).

)
)
)

d) Find the Nash equilibrium (pj, p3).
)
) Are equilibrium profits zero? Why?
)

axis and p; on the vertical axis).

Solution:

Find firm 1’s best response to a price set by firm 2, BRq(p2).

Find firm 2’s best response to a price set by firm 1, BRa(p1).

Write down firms’ profits, 71 (p1, p2) and ma(p1,p2), as functions of the prices they set.

Draw the best response function and the Nash equilibrium in the ps — p; plane (p2 on the horizontal

(a) We assume prices are such that the quantities demanded are positive. The profits of the firms are

771(;01,102)

2

(b) Firm 1’s best response to a price set by firm 2 is

+ 420
BRi(ps) = p2 T 220
6
(c) Fiirm 2’s best response to a price set by firm 1 is
+ 420
BRs(p1) = plT
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(180—p1— (pl—pl;rm)) (pr — 20) =

Ta(p1,p2) = (180—272—(Pz—p1+p2>>(]92—20)

31 pipe

9 + T + 210p1 - 10p2 — 3600

3 2
- I% —10p; — % +210ps — 3600



(d) The Nash equilibrium (p3,p3) is the solution of the following system of equations

_ pat420
P = 6
T T

The solution is p} = p5 = 84.
(e) The equilibrium profits are w1 (p5,p5) = 72 (p},p3) = 6144.
(f) The equilibrium profits aren’t zero because products are heterogeneous.

(9) Graphically, the best response function and the Nash equilibrium are

P1

84
70

Exercise 6: Two firms, 1 and 2, produce heterogeneous products. If the two firms set prices p; and ps,
respectively, the quantities demanded of the products of the two firms will be:

+
z1(p1,p2) = 140 —p; — (pl - 2912])2)

Jr
xo(p1,p2) = 140 —py — <p2 - 2712]92)

Suppose the two firms have constant marginal costs MC1 = 40 and MC2 = 40 and that they have to set
their prices simultaneously.

(a) What is the Nash equilibrium ? What are the Nash equilibrium profits for firms 1 and 27

(b) Are the profits in equilibrium equal to 0?7 Why or why not?
Solution:

(a) We assume prices are such that the quantities demanded are positive. The profits of the firms are

+ 3p?

m(p1,p2) = <140—P1 — (Pl — }712]?2)) (p1 —40) = —% + 1% + 200p; — 20p2 — 5600
T 32

ma(p1,pa) = (14O—p2 - <p2 _ B 5 p2>> (p2 — 40) = ’% — 20p, — % + 200p5 — 5600

Firm 1’s best response to a price set by firm 2 is

 p2 4400

BRi(p2) 5
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Fiirm 2’s best response to a price set by firm 1 is

_ p1 4400

BRa(p1) 5

The Nash equilibrium (p},p3) is the solution of the following system of equations

P2+ 400

P = 76 .
p1 + 400

s T

The solution is p; = p5 = 80. The equilibrium profits are m1(p%, p5) = ma(pf, p3) = 2400.

(b) The equilibrium profits aren’t zero because products are heterogeneous.

Exercise 7: Assume that two firms, 1 and 2, produce heterogeneous products and the quantities de-
manded by the market, when these firms fix prices p; and ps, are, respectively:

z1(p1,p2) = 200 —p1+p2/3
xa(p1,p2) = 200—p2+p1/3

These demand functions describe a situation in which products are not perfectly homogenous. Suppose
that both firms have constant marginal costs MC= 50 and MC2 = 50 and that the features of the market
are such that both firms have to set prices simultaneously.

(a) Find the Nash equilibrium (p3, p3).
(b) Determine equilibrium profits, 71 (p}, p3) and m2(pf, p5). Are equilibrium profits zero? Why?

(¢) Suppose now that firm 1 and 2 could make an agreement on how to make their products different so
that the demand functions become,

r1(p1,p2) = 200 —p1+p2/2
x2(p1,p2) = 200 —p2+p1/2

Do you think that it pays for the firms to agree on these new differentiated products?

Solution: Let us consider the following market demand functions

z1(p1,p2) = 200 —p; + bp2
x2(p1,p2) = 200 — po + bpy

with 0 < b < 2. We assume prices are such that the quantities demanded are positive. Now, the profits
of the firms are

mi(p1,p2) = (200 — py + bps) (p1 — 50) = bpips — 50bp2 — pi + 250p; — 10000
Ta(p1,p2) = (200 — ps + bp1) (p2 — 50) = bpips — 50bp; — p3 + 250ps — 10000

Firm 1’s best response to a price set by firm 2 is

1
BRi(p2) = i(bpz + 250)

Fiirm 2’s best response to a price set by firm 1 is

1
BRz(p1) = i(bm + 250)
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The Nash equilibrium (p},p3) is the solution of the following system of equations

1
P = i(bpz + 250)
1
p2 = 5(17171 + 250)
The solution is
250

ook
Py = D2 2_b

The equilibrium profits are

. o 2500(b + 3)2
m1(pT, p3) = m2(p1,p3) = W
Note that the funcion
2500(b + 3)2
p) = 2\
f( ) (2 . b)2

is increasing in b. Its graph is the following.

(a)

(b)

(c)

uuuuuu

uuuuuu

uuuuuu

uuuuuu

Taking

1
b=
3
we obtain that the Nash equilibrium (p%,ps) is is p; = p5 = 150.
Taking

1
b=~
3
the equilibrium profits are w1 (p}, p5) = ma(p7, p5) = 10000. The equilibrium profits aren’t zero because
products are heterogeneous.

Suppose now that firm 1 and 2 could make an agreement on how to make their products different so
that the demand functions become,

zp1,p2) = 200—p1+p2/2
z2(p1,p2) = 200 —pi+p1/2
Now, taking

The Nash equilibrium is pi = ps = 42—0. And the equilibrium profits are m1(p%,ps) = ma(p,ps) =

@ ~ 10677.61. Hence, the firms would benefit from product differentiation.

20



Exercise 8: Firms 1 and 2 compete in a market with a homogeneous product. Firms have to decide
how much to produce and put up for sale. Let ¢; and g2 denote the quantities produced and put up for
sale by firm 1 and 2, respectively. The clearing market price of the homogeneous product on sale depends
on quantities produced according to the following inverse demand function: P(Q) = max{0,10 — Q},
where Q) = g1 + ¢2 is the total number of units of the product in the market. Total production costs are
c1(q1) = ¢ and c3(q2) = ¢32. This is the Cournot model of oligopoly competition that you will study in
the course of Industrial Organization.

(a) Describe the situation as a normal form game.

(b) Find the Nash equilibrium.
Solution:

(a) The set of players is N = {1,2}, the sets of strategies are S; = Sy = [0,00) and the payoffs are

m(q1,92) = (10—q1—gq2)q1 — Q%
m2(q1,¢2) = (10 —q1 —q2) g2 — q%
(b) The profits of the firms are
m(q,q2) = (10—q —@)a —a =a(—a — g +10) — ¢}
moq,q2) = (10—q1 —q2) @2 — @5 = q2(—q1 — @2 +10) — g5

Firm 1’s best response to a price set by firm 2 is

10 —¢q
BRi(g2) = ——
Firm 2’s best response to a price set by firm 1 is
10 —
BR2(q1) = — &

The Nash equilibrium (q3,q3) is the solution of the following system of equations

10—(]2
4
10—q
4

The solution is ¢f = g5 = 2. The Equilibrium profits are 7} = 75 = 8.

qQ =

q2 =

Exercise 9: Two Airlines, Fly and Connect, sell a round trip in economic class between two cities for
$400. Each one of the Airlines serves half the market and it thinks that if it lowers its fare by a 10%
and the competitor does not change its fare, its demand would rise by a 40% (which means that its price
elasticity is —4). Of this increase, 20% represents clients of the other company who change attracted by
lower fares, and the remaining 20% represent new clients attracted by lower fares. If both companies
lower their price by 10% both are going to increase by a 20 their respective demands due to new clients
(price elasticity is —2). The unitary cost for carrying each passenger is $200 for each of the Airlines.
Assume that they have to simultaneously decide whether to lower the prices by 10% or not.

(a) Represent the normal form of the game and find the Nash equilibrium.

Solution: Let 2N be the total number of customers. Note that the customers each company gets

Connect
$ 400 $ 360
$ 400 N,N N(1—-0.2),N(1+04)
$360 | N(1+404),N(1—-0.2) | N(1+0.2), N(1+0.2)

Number of passengers

Fly
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So the total profits are

Connect
$ 400 $ 360
Fly $ 400 N (400 — 200), N (400 — 200) N (1 —0.2)(400 — 200), N(1 4+ 0.4)(360 — 200)
§ 360 | N(1+0.4)(360 —200), N(1 —0.2)(400 — 200) | N(1+0.2)(360 — 200), N(1 + 0.2)(360 — 200)
Number of passengers
That is,
Connect
$ 400 $ 360
Fl $ 400 | 200N,200N | 160N, 224N
4 $ 360 | 224N,160N | 192N, 192N

Normalized profits

By normalizing N = 1, we see that the normal form of the game is the following

Connect
$ 400 $ 360
Fly $ 400 | 200,200 | 160,224
$ 360 | 224,160 | 192,192

Normalized profits

The NE is (3360, $360) with payoffs u; = ug = 192.

Assume now that the two Airlines agree to have their total revenues accrue into a common pool
which is then shared equally, while each airline pays its own costs. As before, the Airlines have to
decide whether or not lowering their fares by 10%. Represent the game in its normal form and find

the Nash equilibrium.

Solution: Let 2N be the total number of customers. Note that the customers each company gets

Fly

Connect
$ 400 $ 360
$ 400 N,N 0.8N,1.4N
$ 360 | 1.4N,0.8N | 1.2N,1.2N

Number of passengers

So, the total revenue for each company is

Connect
$ 400 $ 360
Fly $ 400 400N, 400N 0.8 x 400N, 1.4 x 360N
$ 360 | 1.4 x 360N,0.8 x 400N | 1.2 x 360N, 1.2 x 360N
total revenue
That 1is,
Connect
$ 400 $ 360
Fly $ 400 | 400N,400N | 320N, 504N
$ 860 | 504N,320N | 432N,432N

Total revenue for both companies are
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Connect
$ 400 $ 360
$ 400 | 800N | 824N
$ 360 | 824N | 864N

Fly

total revenue

And the profits are (since they share the revenue),

Connect
$ 400 $ 360
Fl $ 400 400N — 200N, 400N — 200N 412N — 200 x 0.8 x N,412N — 200 x 1.4 x N
4 $ 360 | 412N — 200 x 1.4 x N,412N — 200 x 0.8 x N 432 — 200 x 1.2 x N,432 —200 x 1.2 x N

Profits

That is,
Connect
$ 400 $ 360

Fly $ 400 | 200N,200N | 252N, 132N
$ 360 | 132N,252N | 192N, 192N

profits

By normalizing N = 1, we see that the normal form of the game is the following

Connect
$ 400 $ 360
Fly $ 400 | 200,200 | 252,132
$ 360 | 132,252 | 192,192

Normalized profits

The NE (in dominant strategies) is ($400, $400) with payoffs u; = ug = 200.

(c) Do you believe that companies are going to act as in (b). Why?

Solution: Yes. The common pool reduce the incentives to lower prices and lead to high equilibrium
prices.

Exercise 10: Two theaters are located on the same street. They advertise and, by so doing, attract
customers to the area so that each of the two theaters’ advertising is beneficial to both. Let x; be the
advertising level of theater 1 and z2 be the advertising level of theater 2 (for instance, z; could denote
the number of potential customers reached by theater 1’s advertising). The profit functions for theaters 1
and 2 are respectively:

T (x1,22) = (30 + ao)xy — 222
mo(z1,29) = (30 +x1)x0 — 203
(a) What are the Nash equilibrium advertising levels of the two theaters?

(b) What are their equilibrium profits?

(c) Could the theaters increase total profits if they could commit to given advertising levels? What
advertising levels would they choose?
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Exercise 11: For most new films, the demand for movie theaters is highest in the first few days after
opening, then taper off. Accordingly, studios must time new releases very carefully. Two key factors
affecting potential demand are the season and the timing of other releases. Suppose that both Suprafilm
and National are producing major action movies. The two studios simultaneously must choose between
release in November or December. If both films open on November, each will sell 200,000 tickets. If one
opens on November and the other in December, then the early release will sell 350,000 tickets, while the
later release will sell 220,000. If both open in December, each will sell 300,000 tickets.

(a) Construct a game in normal form to illustrate the situation.

(b) Identify the Nash equilibrium or equilibria.

Exercise 12: Two executives, A and B, have to submit a proposal to a firm’s board about the price
of the firm’s product. There are four possible prices: 100, 110, 120 or 130 euros. The board is made
up of 13 members and conversations prior to the meeting have led four members to prefer the price of
100, two members to prefer the price of 110, one member prefers 120, and six members prefer the price
of 130. Both executives have to submit their proposals simultaneously. Once the proposals are received,
each member of the board will vote for one of the executives as the next CEO. Each member will vote for
the executive whose price proposal is closer to his own ideal price. If both executives propose the same
price, members vote with probability 1/2 for each. If one member has to decide between two equidistant
prices (from his ideal price), he will vote for each executive with probability 1/2. The executive with
more votes will be the next CEO.

(a) Design a table with the (expected) votes each executive would get depending on both proposals for
prices. (Suggestion: Place executive A’s proposed prices in rows and B’s prices in columns) Suppose
that both executives only care about being chosen as CEO and that they do not have any other
preference regarding a particular price.

(b) Find the normal form of this game.

(¢) Find the pure strategy Nash equilibria.

(d) Comment on the result.

Exercise 13: Two firms, H and S, produce complementary hardware and software products. This
means that if one firm dedicates more resources to investment, it increases not only the demand of its

own product but also the demand of the product of the other firm. Letting xg and zg denote the
investment expenditures of H and S, respectively, their profits are

2
(g, zs) = (30 —xg)zy + 40z — %H
I2
ms(ra,rs) = (30_33'H)$S+40$H—7S

(a) If firms H and S simultaneously decide their investment expenditures, what are the equilibrium
investment expenditures?

(b) What are the equilibrium profits?

(¢) Suppose now that firm H can make a take-it-or-leave-it offer to buy firm S from its owners. What is
the lowest amount that the owners of firm S would be willing to accept?

(d) Suppose that the owners of firm S accept the offer, and that the new firm will decide both zy and
xs. What are the optimal investment expenditures for the new firm? What profit will it obtain?

(e) Suppose that firm H makes the lowest offer that would be accepted by the owners of firm S, that
they accept such offer and that the new firm will then set the optimal investment expenditure levels
that you have found in part (d). Would the profits of firm H (net of the price paid to buy firm S)
increase? If so, by how much?
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Exercise 14: The three members of the board of directors of a corporation, A, B, and C, have to
vote on whether to raise their salaries. Assume that each director prefers a raise over no raise; however,
each also knows that voting for a pay raise may reduce the probability of being reappointed at the end of
his/her term. Thus, the best possible outcome for an individual director is to vote against a pay raise that
still wins majority approval, and the worst possible outcome is to vote for a pay rise that fails. Not all
directors agree on how to rank the other two outcomes. For directors B and C', the second-best outcome
is to have a raise proposal pass with their vote being in favor. For director A, however, the second-best
outcome is for a raise proposal to fail, with his vote being against. The payoff ranking below (where large
numbers represent more favorable outcomes) summarizes this situation. (You should assume that each
director knows the rankings of all three directors.) Assume that the directors vote simultaneously.

Outcomes Director A’s rankings Director B’s and C’s rankings
Best, 3 points Raise passes, vote against Raise passes, vote against

Second best, Raise fails, vote against points Raise passes, vote for

Third best, 1 point Raise passes, vote for Raise fails, vote against

Worst, 0 points 1 point  Raise fails, vote for Raise fails, vote for

(a) Write the normal form of this game (Suggestion: Let A be the row player, B be the column player
and C be the matrix player.)

(b) Find the Nash equilibria of this game.

(c) Explain (in words) the results of part (b).

Exercise 15: The board of directors of a company is composed of 9 directors. The board of directors
has to make a decision about the CEO and there are three possible choices

A: Fire the CEO .

B: Keep the CEO but not give him a pay raise.

C: Keep the CEO and give him a pay raise.

Directors have different opinions about the appropriate course of actions. Some would want to fire the
CEO and get a new CEO on board. Some believe that the CEO should not be fired, but that there is

no need to give him a pay raise. Some finally believe that the CEO should be kept, but that only a pay
raise will make sure that he will not be snatched away by the competition.

The ordering of preferences is the following:

e Four directors (the ‘archenemies’) prefer A to B to C
e Three directors (the ‘enthusiasts’) prefer C to B to A

e Two directors (the ‘moderate’) prefer B to C to A

The board of directors has agreed to the following voting procedure. Each director may vote for one of
the three choices. Then, the choice with the least number of votes is dropped, and the directors vote on
the remaining two. Whichever choice receives the most votes in round two is the winner.

(a) What would happen if each director voted according to his true preferences?

(b) Consider now the case in which the directors are aware of the strategic implications of their actions.
How would you vote if you were an archenemy? [Hint 1: Do not try to draw the extensive form
because it is very complicated and it will not help you much. Hint 2: Ask yourself: 1) What are the
possible outcomes of the first vote? 2) For each of these possible outcomes, how would directors vote
in the second vote? 3) Given the answers to the previous questions, how do you think each type of
director will vote in the first vote?]
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Exercise 16: Two bidders, A and B, participate in an auction to buy a plot of land. Each of the two
bidders can only bid one of three possible prices, low, medium and high. The plot will be sold to the
highest bidder and in case of a tie a coin will be tossed to determine the winner.

The value of obtaining the plot net of the price to be paid is the following:

Price Net value
High 10
Medium 30
Low nt 40

(a) Write down the normal form of the game.

(b) Find the pure strategy Nash equilibria.

Consider now the possibility of modifying the rules of the auction so that in case of a tie the winner is A
with probability 1.

(¢) Write down the normal form of the game.

(¢) Find the pure strategy Nash equilibria.

(¢) If you wanted to sell the plot and therefore wanted to maximize the expected sale price, which of the
two auction formats would you prefer? Explain your answer.
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