UNIVERSITY CARLOS III Master in Economics Master in Industrial Economics and Markets

Game Theory. Quiz 2—November 28th, 2023. 45 minutes.

NAME:

Consider the situation in which player 2 knows which game is played (a or b below). However, player 1 only
knows that table a is played with probability % and table b is played with probability %

(a)

(b)

(c)

Player 2 Player 2

e, D c D
A[2/.36] 12,6 A[12.3] 6.9

Player 1 ; : Player 1 3| 6,
Wt 18,6 | 30, 12 WL 15,6 | 3.3

a b

Describe the situation as a Bayesian game.

Solution: There are two players N = {1,2}. There are two types of player 2: Ty = {a,b}. There is one
type of player 1: Ty = {t}. The sets of strategies are Sy = {CC,CD,DC,DD}, S; = {A, B}. The beliefs
of the players are

D2 (tl = t|t2 = a) = P2 (tl = tltg = b) =1
P1 (tg = a|t1 = t) = 1/3
pi(ta=0blti=t) = 2/3

The payoffs are given by the above tables.
Find the Bayesian—Nash equilibria in pure strategies and the payoffs of the players. Compute the payoffs
of the players in each BNE.
Solution: Note that
BRy(A) =CD, BRy(B)=DC

We compute now

1 2 1 2
Ul(A,C.D) = §X24—|—§><6=127 U1(B7CD):§X18+§X3:8

Hence, BR1(CD) = A and BR2(A) = CD. We see that. (A,CD) is a BNE with payoffs uy = 12, u, = 24,
Uy = 6.

We compute now

1 2 1 2
w(4,DC) = 3x1243x12=12, w(B,DC)= 3 x30+ 5 x15=20

Hence, BR1(DC) = B and BRo(B) = DC. We see that. (B,DC) is a BNE with payoffs u; = 20,
Uqg = 12, up = 6.

Another way to find the BNE is to compute the associated normal form game

cc CD DC DD
A[(16,14) | (12,18) | (12,4) | (8.8)
B | (16,6) | (8.4) | (20,8) | (12,6)

Compute the mized strategy Nash equilibria. Compute the expected payoffs of the players in each BNE.
Solution: Let us look for a BNE of the form

(zA+ (1 —2)B,(yC+ (1 —y)D,2C + (1 — 2)D))



Let

o1 = zA+4+(1—x)B
Oq = yC + (1 - y)D
op = 2C+(1—-2)D

We have that

(Ao a) = A2+y+2)

u1(B;oq,0p) = 12—4y+8z
tug(o1,C) = 6+ 30z
ug(o1, D) = 12 —6x
up(o1,C) = 6—3z
up(o1, D) = 3+6x

Suppose first that player 2a is using a completely mized strategy. Then uq(o1,C) = ug(o1, D). Hence,
6430z = 12—62 and we conclude that v = §. For this value of x we have that uy(oy,C) = (6 — 3z)|,_1 =
6

L and uy(o1, D) = (3+ Gm)\z:é =4, so z=1. We check if there is a BNE of the form

(éA + %B; (yC+ (1 - y)D,C’))

Player 1 must be indifferent between A and B. Hence, 4(2+y+2) = 12— 4y +8z. Since z = 1, we obtain
that y = 1. And we have checked that

1, 5
A+ 2B
(6 + 5 ,C’,C>

is BNE in mixed strategies with payoffs v, = 16, u, = 11, up = 4.

Suppose now that player 2b is using a completely mized strategy. Then uy(o1,C) = up(o1, D). Hence,
6—3x = 3+6x and we conclude that v = %. For this value of x we have that uq(o1,C) = (6 + 30x)|$:% =

16 and uy(o1,D) = (12 — 61)|x=% =10, so y = 1. We check if there is a BNE of the form

<§A+ %B; (C, 20+ (1 —z)D)>

Player 1 must be indifferent between A and B. Hence, 4(2+y+2z) = 12 —4y+8z. Since y = 1, we obtain
that z = 1. And we have checked that

(;A + §B; , 0))

is the other BNE in mixed strategies with payoffs u; = 16, u, = 10, u, = 5.

Note that we have that uy(A;CC) = uy(B;CC) = 16. And for § < x < & we have BRy(01) = CC.
Hence, we have the following BNE in mixed strategies.

(vA+(1-0)B;(C,C), =<a<

=
Wl =

with payoffs u; = 16, u, = 6 + 30z, up = 6 — 3x.



