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1. Consider the following normal form game:

(a)

X Y Z U
Al 20702749 [10,
B|3,15| 1,11 2,6 | 5,
cl220] 051,72

—_

8
5
6

b

(5 points) What are the strategies that survive the iterated elimination of strictly domi-
nated strategies?

Solution: Strategy U is dominated by strategy Z for player 2. After eliminating this
strategy we obtain the following game

X Y 4

Al 20 ] 02| 49

B|3,15| 1,11 2,6

C 22| 05 | 1,7

Now strategy C' is dominated by strategy B for player 1. After eliminating this strategy
we obtain the following game

X Y Z

Al 20| 0,2 | 49

B |3,15| 1,11 | 2,6

Note also that the mixed strategy oo = %X + %Z dominates Y, because

2 1

UQ(A,O'Q) = §X0+§X9:3>2ZU,2(A,Y)
2 1

UQ(C,UQ) = §X15+§X6:12>11:u2(C,Y)

(See also the argument in part (c) below).
The rationalizable strategies are {A,C} x {X, Z}.

(10 points) Find all pure strategy Nash equilibria and the payoffs of these equilibria.
Solution: This is solved in part (c).
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(¢) (20 points) Compute the mixed strategy Nash equilibria and the expected payoffs of these
equilibria.
Solution:
Let us look for a NE of the form

or = pA+(1—p)B
op = s X+yY+(1—-z—-y)Z

We compute the expected utilities of the players

up (A,o0) = 4—2x—4y
up (B,og) = 2+x—y
ug (01,X) = 15— 15p
ug (01,Y) = 11-9p

ug (01,2) = 6+3p

We graph the utilities of player 2.

Uy

15

10

0.2 0.4 1 06

The intersection of the lines ug (01, X) = uy (01, Z) is given by 15 — 15 = 6 + 3p. That is
p= % We see that Y is not part of any best reply for player 2. Hence, we may assume
y=0. And

op = pA+(1-p)B
oy = X+ (1—-2)Z
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Also, from the picture we see that best reply of player 2 is

X (z=1) if p<%
BRa(01) =S {X,Z} (0<x<1) if 0<p=1
Z (x=0) if p>%

Since y = 0 we have that

ul(A,Uz) = 4-—-2z
up (B,og) = 2+

we have that uj (A, 02) > uy (B, 09) iff z < % Thus, best reply of player 1 is

A (p=1) if 0<z<?2
BRi(02) = ¢ {A,B} (pe[0,1]) if z=3
B (p=0) if 1>z>2
Graphically,
p

(B, X) BRi(x)

77777

BRa(p)

[N

wiN

We obtain the following NE.
o (x=0,p=1)or (A,7Z), with payoffs u; = 2,uy = 10.
e (x=1,p=0) or (B, X), with payoffs u; = 2, uy = 15.

° (%A+ %B, %X + %Z) with payoffs u; = %, Ug = %

2. Consider a market with one good and two firms. Firm 1 decides the price p; and firm 2 decides
the price p2. Given those prices, the amount sold by each company is

z1(p1,p2) = 84—p1+%
xo(p1,p2) = 84—p2+%

Both firms have constant marginal cost ¢ = 0.

(a) (10 points) Write the profit functions 7 (p1, p2) and ma(p1, p2) of the firms.
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Solution:
We assume prices are such that the quantities demanded are positive. The profits of the
firms are
P2 p1p2
Ti(p1,p2) = (84 -p1+ 5) p1 = 84p1 —pi + -
! p1p2
7T2(p1,]92) = <84 —p2+ 5) p2 = 84p2 + 5 *p%

Suppose that both firms decide p; and ps; simultaneous and independently.

(b) (10 points) Compute the best reply of the firms.
Solution: The first order condition for firm 1 is

84—2p1+%

The best reply function of firm 1 is

BRi(p2) = % 442

Similarly, the reply function of firm 1 is

BRy(p1) = % +42

(¢) (20 points) Compute the Nash equilibrium of the static game. What are the profits of
the firms in equilibrium?

Solution: The Nash equilibrium (p3, p3) is the solution of the following system of equations

p1 = %4—42
P2 = %+42

The solution is p; = p5 = 56. The equilibrium profits are 71 (p7],p3) = m2(p7, p5) = 3136.

Suppose now that firm 1 decides first p; and, after observing p;, firm 2 chooses
p2.

(d) (10 points) Compute the sub-game perfect Nash equilibrium of the dynamic game.
What is the equilibrium path? What are the profits of the firms in equilibrium?

Solution: We use backward induction. Te best reply of firm 2 continues to be

BRQ(pl) == % + 42
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Anticipating this reaction, the induced utility on firm 1 is

7 2
ur (p1, B +42) = 105p - £

The above function is mazximized for p1 = 60. Hence, the SPNE is
p1 = 60, BRQ(pl) = % + 42

The equilibrium path is py = 60, py = 57. The profits of the firms are m1(60,57) = 3150,
2(60,57) = 3249.

(5 points) Is there a first mover or a last mover advantage in the dynamic game?
Solution: The follower has a higher profit. There is a last mover advantage.

(10 points) Is p; = 40, po = 52 a Nash equilibrium of the static game? Is there a
Nash equilibrium of the dynamic game in which in the equilibrium path players play
p1 = 40, po = 527 Is there a sub-game perfect Nash equilibrium of the dynamic
game in which in the equilibrium path players play p; = 40, po = 527

You must justify each of the answers.

Solution: We have that

52
BR;(52) = — +42 =55 # 40

Hence, py = 40, po = 52 is NOT a NE of the static game. However, we are going to
check that the following strategy profile

52 if p1 = 40

=40, and =
P1 p2(p1) {0 if p1 £ 40

is a NE of the dynamic game. The path determined by this strategy profile is p1 = 40,
p2 = 52. And players obtain the payoffs ui(40,52) = 2800, u2(40,52) = 2704.

If player 1 deviates and plays p1 # 40 then pa(p1) = 0 and the payoff of player 1 is
u(p1,0) = 84py — p? which is mazimized for py = 42. The highest payoff player 1 can
achieve with p1 # 40 is u(42,0) = 1764. Hence, player 1 does not have incentives to

deviate. Since,
40

BR2(40) = 7T +42 =52
player 2 has not incentives to deviate. Therefore, p1 = 40, po = 52 is IS a NE of the

dynamic game. It is not sub-game perfect because, by backward induction, the only
SPNE is the one found in part (d).

3. Consider the following normal form game.

Player 2

A B
A[10,10 [ 0,20

Player 1 ’ ’
YL 20,0 | 1,1

The stage game G
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(a)

(b)

(5 points) Find the all the Nash equilibria of the game G.
Solution: There is a unique NE (B, B) with payofss u1 = ug = 1. It is in dominant
strategies.

Assume now that the above stage game is played infinitely many times. After each round,
players observe the moves done by the other player. The total payoffs of the repeated
game are the discounted (with discount factor ¢) sums of the payoffs obtained in each
round.
(10 points) Describe the trigger strategy in which, in the equilibrium path, (A, A) is played
in every round.
Solution: Let us consider trigger strategies: Player i = 1,2 at

o t =1 plays A;

o t > 1 plays A if (A, A) was played att =1,...,t — 1. Otherwise, play B.

(20 points) For what values of the discount factor ¢ the trigger strategy described in the
previous part constitutes a Nash equilibrium of the game repeated infinitely many times?

Solution: The payoffs obtained by both players with the trigger strategy are,
u® =10 4105 + - - - + 105" 4+ 105" + 1062 + 1063 + - .-

If one player deviates at stage t and the other player follows the trigger strategy, the payoff
of the player which deviates is

u? =104 108 + - - - 4 108" + 205" 4 5172 4 5073 4 ...
The trigger strategy is NE iff u¢ > u®. That is,
106" + 10672 + 10673 4 -+ > 206" 4 6172 4 65 4 ...

or
104+ 106 + 1062+ - > 20+ 6+ 62+ - -

That is
95 + 962 +--- > 10

which is the same as 05
——>10
1-6 —

Thus, the trigger strategy is a NE of the repeated game iff

10
6> —
— 19

(10 points) For the values of the discount factor ¢ found in the previous part argue that
the trigger strategy constitutes a subgame perfect Nash equilibrium of the game repeated
infinitely many times?

Solution:

There are two types of subgames starting at a stage t.
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e Subgames in which at every stage 1,2,...,t — 1 it was played (A, A). Then, the
situation in the subgame that starts at this node is exactly as above, except that the
payoffs are multiplied by 6'~. The above argument shows that the trigger strateqy is
also a NFE of that subgame.

e Subgames in which at some stage 1,2,...,t — 1 the strategy profile (A, A) was not
played. In these subgames the trigger strategy prescribes that (C,C), a NE of the
stage game G, is played. But, this is a SPNE of this subgame.

Therefore, if § > %, the trigger strategy is a SPNE of the repeated game. Note that in this
strategy profile, the players cooperate at every stage of the repeated game.

Consider now the following variant of the trigger strategy: Players cooperate until one
player defects. Whenever a defection occurs, players play the NE of the stage game for k
periods. After punishing for k periods, they cooperate again until a new defection occurs.
Formally,
e At t =1 players play (A, A).
e At any t > 1 if either:
— (A, A) was played in period ¢t — 1; or
— (B, B) was played in the periods t — k,t —k+1,...,t —1;
Then, play (A, A)
e In all other cases play (B, B).
(e) (10 points) Suppose k = 1 is there a value for the discount factor ¢ for which the above
modified trigger strategy is a Nash equilibrium of the game repeated infinitely many times?
Solution:

For simplicity, we consider only deviations at t = 1. The payoffs obtained by both players
with the trigger strategy are,

u® =10+ 106 + 106% + - - -

If one player deviates only at stage t = 1 and the other player follows the trigger strategy,
the payoff of the player which deviates is

ut =20 4§ +106% + 108% + - -
The trigger strategy is NE iff u¢ > u®. That is,
10+106 > 20+ 6

which is the same as
6> 1 > 1
-9
Hence, there is no value of 0 < & < 1 for which the above modified trigger strategy is a
Nash equilibrium of the game repeated infinitely many times.
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(f) (10 points) Suppose k = 2 is there a value for the discount factor ¢ for which the above
modified trigger strategy is a Nash equilibrium of the game repeated infinitely many times?
Hint: /441 = 21.

Solution:

For simplicity, we consider only deviations at t = 1. The payoffs obtained by both players
with the trigger strategy are,

u® =10+ 108 + 1062 + 108> + - - -

If one player deviates only at stage t = 1 and the other player follows the trigger strategy,
the payoff of the player which deviates is

u? =20+ 6 + 0% 4108 + 106" + - --
The trigger strategy is NE iff u¢ > u®. That is,
10 + 105 + 106% > 20 + 0 + §°

which is the same as
962 +95 —10 >0

Consider the parabola y = 922 + 92 — 10. The graph of the parabola is the following.

40
30

20

The intersection points with the x axis are

941 5 94 VA4l 2

18 ¥ 18 3

Zo

wil

Hence, for

<i<1

[SSRIN )

the above modified trigger strategy is a Nash equilibrium of the game repeated infinitely
many times.
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4. Consider the following signalling game. There are two types of player 1, t = t; and t = ts.

Player 1
t= t1 /

(5,2) (4,2)

2T T TN u

| BRI
! | | |
! | ! |
(3,-1) | | r | | (2,-1)
| ! | !
| ! | !
:Player 2, ® Nature :Player 2,
! | ! |
| |
\ | 1—x \ |
| | |
| |
| | 1
1 1

Player 1 .

(3, 1) t =ty

(0,1)

Hint: Justify that one of the types of player 1 has a dominant strategy. That simplifies a lot
the analysis.

(a) (10 points) Compute all the separating perfect Bayesian Nash equilibria (in pure strate-
gies) of the above game. Write the separating PBNE, including the beliefs of player 2.
Justify your answer.

Solution:
e The strategies of player 1 are Sy = {LL,LR, RL, RR}, were the first letter denotes
the strategy of t1 and the second letter the strategy, of to.

o The strategies of the player 2 are S1 = {uu,ud,ud,uu}, were the first letter denotes
the strategy of Po after observing L and the second letter the strategy, of Pa after
observing R.

The normal form game is (The Sender chooses rows and the Receiver chooses columns)

U ud du dd
LL (5,2m) (5,2m) (3,1 —2m) (3,1 —2m)
LR (3m+2,2r) (bmym+1) (v+2,—m) (3w, 1 —2m)
RL (b-m2m) (b—3m—m) (m+3,7+1) (3—m1—2m)
RR (2m+2,2m) (2m,1—2m) (27 +2,27) (2m,1 — 2m)

The best replies of the players are

a. F0r7r>i
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U ud du dd
IL @R @, 27) 3,1-2r)  @1-27)
LR (3rm+2,2r) (bm,m+1) (m+2,—m) (3w, 1 —2m)
RL (5—-m2r) (5—3m—m) @+3,7+1) (3—m1-2n)
RR (2m+2,27) (2m,1—-27) (2w +2,2m) (27,1 — 2m)

1
T2

We obtain the NE in pure strategies: (LL,uu), (LL,ud) and (RL,du).
b. Form < %

(o ud du dd
LL  @ren) @, 27) 3,122  @1=2%0)
LR (3wm+2,2r) (bm,m+1) (m+2,—m) (3m,1 — 2m)
RL (5—-m2r) (5-3m—7m) @+3,7+1) (B-—m1-2m)
RR (2m+2,27) (2m,1—=27) (2r+2,2m) (27,1 — 27)

!
T2

We obtain the NE in pure strategies: (RL,du) and (LL,dd).

Which of the above NE are PBNE? Note that the minimum payoff of player to with L is 3.
Whereas the mazimum payoff of player 2 with R is 2. Hence, in any PBNE m (t2) = L.

A separating PBNE

The only candidate for a separating PBNE is of the form (RL,%x)

(5,2) Plover 1 (4,2)
\ =u
‘ ‘ ‘ |
|
I : : 3
(37 71) : : T : : (27 71)
l ! l !
I ! | I
:Player 2 o N :Player 2
o o
(5,0) i | L=m i | (2,0)
l ! i
! Player 1 ‘ !
(3,1) t=t o ey (0,1)

The Beliefs of player 2 are
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Given the above beliefs, the best replies of player 2 are

BRy(L) =d, BRa(R) =u

(5,2) Player 1 (4,2)
‘ ‘ ‘ :
| 1
‘ | 1 :

(33 71) : : i : : (27 71)

l ! l !
| ! | !
:Player 2 o N :Player 2
| |
1 | 1 |

(5,0) 3 | bt | (2,0)
l ! i
! Player 1 \ !

(3,1) t =ty (0,1)

The wutilities of player 1 are
ul (L’tl) = 3, ul (R|t1) =4

ul (L’tg) = 3, ul (R’tQ) =2

If t1 switches from R to L the payoff goes down from 4 to 3. If to switches from L to R
the payoff goes down from 3 to 2. Thus, Player 1 does not want to switch his strategy.
Therefore, (RL,du) is a separating PBE with the Beliefs

p2(all) = 0, p2(blL) =1
pe(clR) = 1, pa(dlR)=0

The payoffs of the players are

(%5} (tl) = 4, (%5} (tg) =3
uy Axm+3x(1—m)=3+7
uy = 2xmw+1x(1—m=1+m.

(b) (10 points) Compute all the pooling perfect Bayesian Nash equilibria (in pure strategies)
of the above game. Write the pooling PBNE, including the beliefs of player 2. Justify
your answer.

Solution: The only candidate for a pooling PBNE is of the form (LL,xx).
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(5,2) Plover 1 (4,2)
=t
‘ ‘ ‘ :
|
e e
(33 71) 3 : i 3 : (27 71)
| ! | !
| ! | !
:Player 2 ® Nature :Player 2
o o
(5,0) | | l=m | (2,0)
‘ | 1 :
! Player 1 \ !
(37 1) t =1t (07 1)

The Beliefs of player 2 are

pe(all) = m,  pa(bll) =1—m
pe(c|R) = z, p2(dR)=1-z

Given the above beliefs, the expected utility of player 2 after observing L is

ug(ulL) = 2n4+0x(1—7) =27
ug(d|L) = —7m+1x(1l—m)=1-2n7
Hence,
U if7r>i
BRy(L) =< {u,d} ifm=1
d if7r<%

Let us assume m > i, then BRo(L) = u. Graphically,

(5,2) Plover 1 (4,2)
=t
‘ ‘ ‘ |
|
T e
(33 71) : : i : : (27 71)
l ! l !
| ! | !
:Player 2 ® Nature :Player 2
| | | |
(5,0) 3 | oo | (2,0)
l ! i
! Player 1 \ !
(37 1) t=1t» (07 1)

Now uy (L|t;) = 5 fori = 1,2, the mazimum possible for player 1. Hence, m(t;) = L for
i=1,2
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On the other hand, the expected utility of player 2 after observing R s

ug(ulR) = 2xz4+0x(1—2) =2z
u(d|R) = —-1xz+1x(1—-2)=1-2z2

Hence, we obtain the following PBNE, for m > %.
a. (LL,uu) with with the Beliefs

pe(all) = m pe(blL)=1-7
MZ(C’R) = % :U’Q(d‘R) =1- 2, Z > -

W~ =

b. (LL,ud) with with the Beliefs

pe(all) = m, p2(|L)=1-m7
po(clR) = 2z, po(dlR)=1-2 2z<-

=~ =

In both of the above BNE the payoffs of the players are

ur (t1) = wui(t2) =5
U = 9
up = 2x714+0x(1—m)=2m.

Let us assume m < i, then BRo(L) = d. Graphically,

(5,2) Plover 1 (4,2)
=t
‘ ‘ ‘ :
|
e N
(33 71) : : T : : (27 71)
l ! l !
| ! | !
:Player 2 ® Nature :Player 2
o o
(5,0) i | L=m i | (2,0)
l ! i
! Player 1 ‘ !
(3,1) t=t oo by (0,1)

Now uy (Llta) = 3. If player ty deviates to R the mazimum payoff is 2. Therefore,
m (t2) = L. On the other hand, we have uy (L|t;) = 3. And m(t1) = L if and only if
BR2(R) = d: Now, the expected utility of player 2 after observing R is

ug(ulR) = 2x2z4+0x(1—2)=2z
u(d|R) = —1xz+1x(1l—2)=1-2z

And BRa(R) = d if and only if z < i. Hence, for m < %, we obtain the PBNE (LL,dd),
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with the Beliefs

mlall) = 7 Ol =17
1
M?(C|R) = % M?(d|R) =1- z, z< 1
The payoffs of the players are
Ul (tl) = Ul (tg) =
uy = 3
up = () xm+1x(l—7)=1-27.

(¢) (10 points) Compute all the Bayesian Nash equilibria in mixed strategies of the above
game, including the beliefs of player 2. Justify your answer.

Solution: We look for a PBE in mized strategies of the form

m(t1) = qL+(1-¢R, 0<q<1
m(t2) = L

ax(L) = zu+(1—z)d 0<z<1
az(R) = yu+(1—-y)d 0<y<1

Is there a PBE with 0 <y < 17

From the computation of the PBE (LL, dd) we have seen that for <  and p2(c|R) = 1,
player 2, after observing R is indifferent between u and d. And we have also seen that
m (t1) = L if and only if y < % Therefore, we obtain the following pooling PBE.

m(tl) = L
’I’)’L(tz) = L
GQ(L) = d
1
a2(R) = yut(1-y}d 0<y<g
with the beliefs
1
M?(G‘L) = 7, H?(b’L) =1- m, TS Z
1 3
pe(c|R) = 1 pe(d|R) = 1
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and the payoffs

Ul (tl) = Ul (tg) = 3
uy = 3
up = (-l)xm+1x(l—7)=1-27.

Isa PBNE with 0<¢<1,0<2 <17

In such a case

up (Llt1) = bz+3(1—x)=3+2x
ui (Rlt) = 4y+2(1-y)=2+2y

So, we have 3+ 2x =2+ 2y. That is, y —x = % It follows that

Oﬁxﬁéﬁyﬁl
The beliefs of player 2 are,
m™q 1—7
L = ——— blL)y= — =
Hz(all) mq+1—7’ H2(blL) mq+1—m

pa(clR) = 1, pa(d[R) =0

Hence, ma(R) = u, that isy =1 and x = % Now we have,

1-— 2
ws(ull) = 2— " 1ox T
mq+1—m mq+1—7m @wqg+1—m7
1— 1—7—
u(d|L) = (—1)x — 4 LI

1 x =
7rq+1—7r+ mq+1—m mq+1—m

Therefore, 2rqg =1 — ™ — mq, so
_ 1—m
1= 3T
and ¢ < 1 if and only if m > %. We obtain the following PBE,

1—m
mt) = aL+(A-@R, q¢=-—
m(ta) = L
az(L) = %U + %d
az(R) = u
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with the beliefs

mTq 1—mn
p2(alL) o p2(b|L) P

pa(clR) = 1, pa(d[R) =0

and the payoffs

(51 (tl) = U (tg) =4
Uy = 4
2mq 1
u2 = _—_—mm

mq+1—m 2



