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Abstract

A concern central to the economics of privacy is that firms may use consumer

data to price discriminate. A common response is that consumers should have con-

trol over their data and the ability to choose how firms access it. Since firms draw

inferences based on both the data seen as well as the consumer’s disclosure choices,

the strategic implications of this proposal are unclear. We investigate whether such

measures improve consumer welfare in monopolistic and competitive environments.

We find that consumer control can guarantee gains for every consumer type relative

to both perfect price discrimination and no personalized pricing.
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“Privacy is not the opposite of sharing—rather, it is control over sharing.”

– Acquisti, Taylor, and Wagman (2016)

1 Introduction

Modern technology allows firms to track consumers and learn about their characteristics

and preferences. But tracking is controversial. On the one hand, it allows firms to

personalize their offerings by matching consumers to more suitable products. On the

other hand, firms may use their knowledge to set prices that extract “too much” surplus.

Moreover, critics warn that tracking constitutes an invasion of privacy and is “creepy”

(e.g. Song, 2018).

An ongoing international debate about these issues has precipitated action in both

the public and private sectors. Regulators have focused on the importance of consumer

consent, passing wide-reaching legislation on data storage and tracking. A prominent ex-

ample, the General Data Protection Regulation (GDPR) passed by the European Union,

requires firms to anonymize personal data and process it only with consumer consent.1

In the United States, the Federal Trade Commission recommends that “best practices

include...giving consumers greater control over the collection and use of their personal

data...” (Federal Trade Commission, 2012). Meanwhile, private sector firms have re-

sponded to consumer demand for privacy by designing commercial products and brands

that are specifically developed to limit tracking.2

Against this backdrop, we study the market implications of consumer consent and

control. We investigate what happens when consumers fully control their data—not

only whether they are tracked, but what specific information is disclosed to firms. Each

consumer’s data is encoded in a verifiable form that she can partially or fully disclose to

firms. Based on the information that is disclosed, each firm draws an inference about

the consumer’s type and charges her an equilibrium price based on her disclosure. Our

motivating question is: when consumers fully control their information, are they hurt or

helped by personalized pricing?

We pose this question in an environment in which products cannot be personalized,

and so there is no match value from data. A classical intuition might suggest that con-

sumers would not benefit from being permitted to voluntarily disclose information. Be-

cause the market’s equilibrium inferences are based both on information that is disclosed

and what is not being disclosed, giving consumers the ability to separate themselves may

1Starting on January 1, 2020, California will enforce the California Consumer Privacy Act (CCPA),
which has similar provisions to the GDPR.

2For example, Apple recently added a feature to its Safari browser that limits the ways in which its
user’s activities are tracked by third parties (Hern, 2018).
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be self-defeating, as seen in the unraveling equilibria of Grossman (1981) and Milgrom

(1981). Contrary to that intuition, we find that the combination of personalized pricing

and consumer control is actually beneficial to consumers in both monopolistic and com-

petitive markets. We construct simple equilibria of the consumers’ disclosure game in

which sharing data weakly increases consumer surplus for every consumer type, relative

to the benchmark of no personalized pricing.

Two key ideas drive this result. First, personalized pricing can amplify competition

between firms. Nearly indifferent consumers benefit from the ability to credibly com-

municate their flexibility, intensifying competition for their business, while consumers

with a strong preference for the product of one particular firm can hide this preference.3

Second, even in the absence of competition, consumers can benefit from sending coarse

signals that pool their valuations. These pools are constructed in such a way that firms

find it optimal to sell to every type within that pool, and therefore everyone within that

pool pays the price of the consumer type that has the lowest valuation in that pool. The

take-away is that offering consumers control—and possibly building tools that coordinate

the sharing of data for consumer benefit—may make personalized pricing attractive even

in the absence of better matching.

A Preview: We build on the problem of a monopolist choosing what price to charge

a consumer whose valuation he does not know. We augment that classical problem with

a “verifiable” disclosure game, as in Grossman (1981) and Milgrom (1981): before the

monopolist sets her price, a consumer chooses what “evidence” or hard information to

disclose about her valuation. We study both those disclosure environments in which

evidence is simple, where a consumer can either speak “the whole truth” (her type) or

nothing at all, as well as those in which evidence is rich, where a consumer can disclose

facts about her type without having to reveal her type perfectly.4 We first study simple

and rich evidence structures in a monopolistic environment, and then use those results

to characterize behavior in a competitive market.

The timing of our game is: the consumer first observes her type, chooses a message

to disclose to the firm from the set of messages available to her, the firm then quotes a

price, and the consumer then chooses whether to buy the product at that price. Neither

the firm nor the consumer can commit to disclosure, pricing, or purchasing strategies.

Our first conclusion in the monopolistic environment (Proposition 1) is that simple

evidence never benefits the consumer and potentially hurts her: there is no equilibrium in

3Of course, the firms will interpret this non-disclosure as a signal and update accordingly.
4We borrow this terminology from Hagenbach and Koessler (2017).
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which any type of the consumer is better off relative to the setting without personalized

pricing. Moreover, there are equilibria in which all consumer types are worse off, such

as an “unraveling” equilibrium in which the consumer fully reveals her type and the

monopolist extracts all surplus.

Our second conclusion is that once the evidence structure is rich—where consumers

can partially disclose information without revealing all of it—all consumer types can

benefit from disclosing information. Proposition 2 constructs an equilibrium that im-

proves the consumer surplus for almost all consumer types without reducing the surplus

of any consumer type. In this equilibrium, all types are partitioned into segments on

the basis of their willingness to pay, and trading is fully efficient. Because the consumer

cannot commit ahead of time to her disclosure strategy, every consumer type must find

that her equilibrium message induces a weakly lower price than that induced by any

other message; our segmentation guarantees this property. Moreover, our segmentation

ensures that for each segment, the monopolist’s optimal price is the lowest willingness to

pay in that segment. This “greedy algorithm” identifies a “Pareto-improving” equilib-

rium segmentation for every distribution of consumer types and identifies the equilibrium

segmentation that maximizes ex ante consumer surplus for a class of distributions.

We use these insights to study competitive behavior in a model of Bertrand duopoly

with horizontally differentiated products where the firms are uncertain of the consumer’s

location. The consumer can disclose information about her location to the firms, who

then simultaneously make price offers to her. As before, we compare the outcomes when

the consumer can disclose, either via simple or rich evidence, with a benchmark model

in which there is no personalized pricing. Here, voluntary disclosure and personalized

pricing is particularly beneficial to consumer surplus because of a new economic force:

information can be selectively disclosed to amplify competition.5

More specifically, we show that if the distribution of consumer location is log-concave,

then an equilibrium in the game with simple evidence (where the consumer’s disclo-

sure strategies are all-or-nothing) improves consumer welfare for every type relative to

the no-personalized-pricing benchmark.6 Under stronger conditions, even the unraveling

equilibrium in which the consumer discloses her location fully to the firms is better for

the consumer than not being able to disclose information at all. Thus, features that are

5We focus on horizontal differentiation because it is the minimal setting where this force appears.
Without product differentiation, Bertrand competition reduces prices to marginal cost regardless of
information disclosure. If differentiation is vertical, voluntary disclosure and personalized pricing lead
to segmentations similar to the monopolistic setting (where the consumer does not benefit from simple
evidence and the pooling equilibria with rich evidence are similar).

6Log-concavity is a common restriction on distributions in Bertrand with horizontal differentiation
because it guarantees the existence of a pure strategy equilibrium (Caplin and Nalebuff, 1991).
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ineffectual in the monopolistic setting can now significantly benefit consumer welfare.

With rich evidence, one can do even better by using the greedy segmentation strategy

similar to that used in the monopolist’s problem, with pools becoming progressively finer

as one approaches the central type from either end. In this equilibrium, within each

segment, the more distant firm charges a price of 0 while the closer firm charges a price

that ensures that all types purchase from that closer firm.

Relationship to Literature: Our work builds on the burgeoning literature on the

economics of privacy and its implications for markets; see Acquisti, Taylor, and Wagman

(2016) for a recent survey. We view our paper as making two contributions. First, it

formulates and investigates the economic implications of giving consumers control over

their data. Our goal is to study the simplest possible model, abstracting from a number of

details (e.g. the importance of product customization7), in order to elucidate the strategic

issues at the core of voluntary disclosure and personalized pricing. Second, our analysis

shows that whether consumers benefit from controlling their information depends on a

subtle interaction between the technology by which consumers disclose information and

the degree of market competition.

Our work combines classical models of market pricing with the now classical study of

verifiable disclosure; perhaps surprisingly, we have not seen this combination studied in

prior work. Unlike the first analyses of verifiable disclosure (Grossman, 1981; Milgrom,

1981), unraveling is not the unique equilibrium outcome of the market interactions that

we study. An observation at the core of our results is that the price charged by a firm

need not be strictly increasing in his beliefs (in an FOSD sense) about the consumer’s

willingness to pay. This observation permits us to pool low and high types without giving

the low type an incentive to separate itself from the pool.8

The literature on verifiable disclosure has had a recent resurgence,9 and a closely

related contribution therein is Sher and Vohra (2015). They study a general model of

price discrimination with hard evidence in which the monopolist commits to a schedule of

evidence-contingent prices. By contrast, we assume in both monopolistic and competitive

7Hidir and Vellodi (2018) study product customization when the consumer communicates to a
multi-product monopolist via cheap talk. Ichihashi (2019) and Haghpanah and Siegel (2019) use an
information-design approach to study segmentations with a multi-product monopolist.

8Prior analyses have highlighted other reasons for why markets may not unravel, in particular (i) un-
certainty about whether the sender has evidence (Dye, 1985; Shin, 1994), (ii) disclosure costs (Jovanovic,
1982; Verrecchia, 1983), or (iii) the possibility for receivers to be naive (Hagenbach and Koessler, 2017).
Our setting does not have any of these features.

9A partial list of recent contributions is Kartik and Tercieux (2012), Ben-Porath and Lipman (2012),
Hagenbach, Koessler, and Perez-Richet (2014), Hart, Kremer, and Perry (2017), Ben-Porath, Dekel, and
Lipman (2017, 2019), and Koessler and Skreta (2019).
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settings that each seller cannot commit and instead sets a price that is a best-response

to the evidence that has been presented.

We highlight an important complementary approach to consumer control. A natural

alternative is for the consumer to commit to using an intermediary or platform to disclose

information to the market on her behalf. An intermediary that commits to a segmentation

strategy and faces a single monopolist can achieve payoffs elegantly characterized by

Bergemann, Brooks, and Morris (2015). Necessarily, any equilibrium outcome of our

monopolistic setting is attainable by such an intermediary but the converse is false. The

reason is that an intermediary may pool a consumer type stochastically into different

market segments that induce different prices. But a consumer on her own would strictly

prefer the market segment that offers the best price and would not randomize if she were

not indifferent.10 Insofar as the electronic marketplace may involve both intermediaries

and consumers with decision rights (who engage with the market actively), we believe

it to be useful to complement the information-design approach to this problem with a

verifiable disclosure approach in both monopolistic and competitive markets.

In the context of competitive markets, our finding is that consumers benefit from

disclosing information because they can use it to amplify competitive forces. We for-

malize this idea in a model of Bertrand duopoloy with horizontal differentiation. Recent

work has exhibited other informational properties of this setting. Elliott and Galeotti

(2019) study how information can be used to suppress competition: they study when an

information-designer can segment the market so that consumers are allocated efficiently

while guaranteeing that consumers obtain no surplus. Armstrong and Zhou (2019) study

a setting where a consumer is uninformed about her location and chooses how much to

learn about her location (in a competitive analog to Roesler and Szentes 2017). They

show that such a consumer may rationally choose to learn little about her location be-

cause each firm would then compete heavily for her business.

A related but very different strand to the literature on consumer privacy investigates

dynamic settings where prices may be conditioned on a consumer’s past consumption

choices. Taylor (2004), Villas-Boas (2004), Acquisti and Varian (2005), and Calzolari and

Pavan (2006) show that firms may be better off committing to “confidential regimes” that

do not price based on past behavior. Conitzer, Taylor, and Wagman (2012) study a model

where the consumer chooses whether to remain anonymous and faces a cost from doing

so. Bonatti and Cisternas (2018) study the welfare properties of aggregating consumers’

past purchasing histories into scores and characterize optimal scoring rules. Fainmesser

10A related tension, described in Footnote 1 of Bergemann, Brooks, and Morris (2015), is that this
segmentation can be done by “a benevolent intermediary who already knew consumers’ valuations, but
not by one who needed consumers to truthfully report their values....”
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and Galeotti (2015, 2019) study monopolistic and competitive price discrimination based

on consumers’ influence on others and their susceptibility to influence. Finally, our work

also broadly relates to the study of certification in mitigating adverse selection in markets

(Lizzeri, 1999; Stahl and Strausz, 2017; Glode, Opp, and Zhang, 2018), but we study a

“private values” model rather than one with interdependent values.

A nascent literature outside of economic theory has begun to study the role of privacy

and consumer disclosure decisions. Johnson, Shriver, and Du (2019) study the AdChoices

program, under which consumers were able to opt-out of advertising that is targeted based

on their online behavior, and find that only a small fraction of consumers opt out. Athey,

Catalini, and Tucker (2017) and Kummer and Schulte (2019) show that consumers are

willing to disclose private information in exchange for small rewards.

Jones and Tonetti (2019) take a “macro approach” to the question of whether con-

sumers should control their own data. They show that, because data is non-rival, there

are large social gains from multiple firms using the same data simultaneously, and there-

fore, it is better to let consumers, rather than firms, to own and trade data. Several recent

papers model a countervailing force where the data of some consumers is predictive about

others, and each consumer does not internalize this externality; see Choi, Jeon, and Kim

(2019), Acemoglu, Makhdoumi, Malekian, and Ozdaglar (2019), and Bergemann, Bon-

atti, and Gan (2019). We abstract from these important externalities in assessing the

value of consumer control.

Paper outline: Our paper proceeds as follows. Section 2 illustrates our main ideas

in a simple example of a monopolist facing a consumer whose valuation is uniformly

distributed on the unit interval. Section 3 considers a general monopolistic environment

with a richer model of consumer types, including possibly a multidimensional type spaces.

Section 4 illustrates the power of voluntary disclosure in competitive markets using a

model of Bertrand competition with horizontal differentiation. Section 5 concludes.

2 Example

A monopolist (“he”) sells a good to a single consumer (“she”), who demands a single

unit. The consumer’s value for that good is v, which is drawn uniformly from [0, 1]. If the

consumer purchases the good from the monopolist at price p, her payoff is v− p and the

monopolist’s payoff is p; otherwise, each party receives a payoff of 0. The consumer knows
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her valuation for the good and the monopolist does not.11 In this setting, and without

any disclosure, the monopolist optimally posts a uniform price of 1
2
, which induces an ex

interim consumer surplus of max{v − 1
2
, 0}, and a producer surplus of 1

4
.

We augment this standard pricing problem with voluntary disclosure on the part of the

consumer. After observing her value, the consumer chooses a message m from the set of

feasible messages for her. The set of all feasible messages isM≡ {[a, b] : 0 ≤ a ≤ b ≤ 1},
and we interpret a message [a, b] as “My type is in the set [a, b].” When a consumer’s

type is v, the set of messages that she can send is M(v) ⊆M. The evidence structure is

represented by the correspondence M : [0, 1] ⇒M. The timeline for the game is: first,

the consumer observes her type v and chooses a message m from M(v). The monopolist

then observes the message and chooses a price p ≥ 0. The consumer then chooses

whether to purchase the good. Each party must behave sequentially rationally; we study

Perfect Bayesian Equilibria (henceforth PBE) of this game. Our interest is in studying

the implications of this model for simple and rich evidence structures, described below.

Simple evidence: An evidence structure is simple if for every v, M(v) = {{v}, [0, 1]};
in other words, every type can either fully disclose her type using the message m = {v}
(which is unavailable to every other type), or not disclose anything at all, using the

message m = [0, 1] (which is available to every type). Such an evidence structure offers a

stylized model for the dichotomy between “track” and “do-not-track” : a consumer who

opts into tracking will have all of her digital footprint observed by the buyer, whereas

do-not-track obscures it entirely.

With a simple evidence structure, there exists a full unraveling equilibrium in which

every type v reveals itself, choosing message m = {v}, and the monopolist extracts all

surplus on the equilibrium path. Off-path, if the consumer ever sends the non-disclosure

message, m = [0, 1], the monopolist believes that v = 1 with probability 1, and charges

a price of 1. In this equilibrium, all consumers are hurt by the possibility of personalized

pricing and the monopolist benefits from it.

But this is not the only equilibrium: there is also one in which every type sends the

non-disclosure message m = [0, 1], and the monopolist charges a price of 1
2
. No consumer

type wishes to deviate because revealing her true type results in a payoff of 0. Here, both

consumer and producer surplus are exactly as in the world without personalized pricing.

In fact, there are an uncountable number of equilibria. But none of them improve upon

11While we think of v as the consumer’s “valuation,” our setting is compatible with v being the
consumer’s posterior expected value (after observing a signal), as in Roesler and Szentes (2017), and
with the consumer learning no more than that. She then faces a choice of whether and how to disclose
evidence about that posterior expected value.
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Figure 1: (a) shows that any disclosing type that is strictly higher than pND has a profitable deviation
⇒ the set of non-disclosing types includes (pND, 1]. (b) and (c) illustrate different equilibria where the
shaded region is the set of non-disclosing types. Across equilibria, pND ≥ 1/2.

the benchmark of no-personalized-pricing from the perspective of any consumer type.

Observation 1. With simple evidence, across all equilibria, the consumer’s interim pay-

off is no more than her payoff without personalized pricing, namely max{v − 1/2, 0}.

The proof is geometric, illustrated in Figure 1. In an equilibrium where a positive

mass send the non-disclosure message, suppose that the monopolist charges pND when

he receives this message. Any type v that is strictly higher than pND must send this

non-disclosure message because her other option—revealing herself—induces a price that

extracts all of her surplus. Hence, the set of types in (pND, 1] must all be sending the

non-disclosure message. Given this consideration, the monopolist’s optimal price pND is

never below 1
2
, which is the price charged when the firm cannot personalize prices.

Rich evidence: Observation 1 illustrates that simple evidence structures and person-

alized pricing do not benefit the consumer. Now we study how the consumer can do

better if she can use a rich evidence structure. An evidence structure is rich if for every

v, M(v) = {m ∈ M : v ∈ M}; in other words, a type v can send any interval that

contains v. With a rich evidence structure, all the equilibrium outcomes that can be sup-

ported using simple evidence are also supportable with this richer language. But now new

possibilities emerge, some of which dominate the payoffs from no-personalized-pricing.

We describe an equilibrium that strictly improves consumer surplus for a positive

measure of consumer types without making any type worse off. Inspired by Zeno’s

Paradox,12 consider the countable grid
{

1, 1
2
, 1

4
, . . .

}
∪ {0}. We denote the (k + 1)th

12Zeno’s Paradox is summarized by Aristotle as “...that which is in locomotion must arrive at the
half-way stage before it arrives at the goal....” See https://plato.stanford.edu/entries/paradox-zeno/.
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Figure 2: (a) illustrates Zeno’s Partition. (b) illustrates prices and payoffs: for each consumer-type v,
the step-function shows the equilibrium price that is charged and the dashed 45◦ line shows the payoff
from consumption. The shaded region illustrates the consumer surplus achieved by Zeno’s Partition.

element of this ordered list, namely 2−k, by ak, and the set mk ≡ [ak+1, ak]. We use this

partition to construct an equilibrium segmentation that improves consumer surplus.

Observation 2. With rich evidence, there exists an equilibrium that generates Zeno’s

Partition: a consumer’s reporting strategy is

m(v) =

[ak+1, ak] where ak+1 < v ≤ ak if v > 0,

{0} if v = 0.

When the monopolist receives message mk, he charges ak+1 thereby selling to that entire

segment. Relative to no-personalized-pricing, this equilibrium strictly improves consumer

surplus for all v in (0, 1/2], and leaves consumer surplus unchanged for all other types.

In this equilibrium, the highest market segment is composed of types in
(

1
2
, 1
]
, all of

which send the message m0 ≡
[

1
2
, 1
]
; the next highest market segment comprises types

in
(

1
4
, 1

2

]
, all of which send the message m1 ≡

[
1
4
, 1

2

]
, and so on and so forth. We depict

this partition in Figure 2. Once the monopolist receives any message corresponding to

each market segment, he believes that the consumer’s value is uniformly distributed on

it. His optimal price then is to price at the bottom of the segment. Therefore, trade

occurs with probability 1, with each higher consumer type capturing some surplus.

This equilibrium generates an ex ante consumer surplus of 1
6

and producer surplus

of 1
3
, each of which is higher than what is achieved without personalized pricing. All

types in (1/2, 1] receive the same price that they would have if personalized pricing were
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infeasible, and almost every other type is strictly better off.13 Thus, personalized pricing

generates a Pareto improvement for the monopolist and each consumer type.

How is Zeno’s Partition supportable as an equilibrium? We first describe how we

deter consumers from using messages that are not in Zeno’s Partition. We assume that if

the monopolist sees such a message, he puts probability 1 on the highest type that could

send such a message, and sets a price equal to that type in response to that off-path

message. Such beliefs ensure that these off-path messages are not profitable deviations

for any consumer type.

How about “on-schedule” deviations? For every v in (ak+1, ak), there exists only

one “on-schedule” message that it can send, and for every v on the boundaries of such

messages, our strategy profile prescribes that they send the message that results in the

lower price. Thus, there are no profitable deviations for any consumer type. Finally, we

have already discussed how the monopolist’s best-response after every equilibrium path

message of the form [ak+1, ak] is to charge ak+1.14

It is useful to understand features of our setting that break the logic of unraveling. In

many models of verifiable disclosure, the sender strictly prefers to induce the receiver to

have higher (or lower) beliefs in the sense of first-order stochastic dominance. Unraveling

then emerges as the unique equilibrium outcome as extreme types have a motive to break

off from pools. By contrast, in our setting, there exist many pairs of beliefs (µ, µ̂) that

are ranked by FOSD such that the sender is indifferent between inducing µ and µ̂. For

example, the seller quotes the same equilibrium price when he ascribes probability 1 to

type {1/2} as he does when his beliefs are U [1/2, 1]. Thus, we can build pools that do

not give types the motive to separate themselves from the pool.

Zeno’s Partition isn’t the only possible equilibrium of this example. But it turns

out to be the equilibrium that maximizes ex ante consumer surplus.15 We prove in

Section 3.4 that with a unidimensional type space, for every equilibrium, there exists an

interim payoff-equivalent equilibrium in which trade occurs with probability 1 and types

segment into partitions. Thus, it is without loss of generality to restrict attention to

equilibria that are fully efficient and partitional. Let us illustrate why Zeno’s Partition

is optimal when types are uniformly distributed using the following heuristic argument.

If consumers purchase with probability 1 in a fully efficient equilibrium, maximizing

13Every type of the consumer obtains surplus v −
(
1
2

)b log v
log(1/2)

c+1
, which is strictly positive for all but

a countable set of values (b·c denotes the floor function).
14The logic of this market segmentation illustrates the role of hard information: even though types

greater than 1
2 would obtain a lower price by sending the message

[
1
4 ,

1
2

]
, they are unable to do so.

Because these higher types are excluded, the monopolist finds it optimal to not raise prices.
15That Zeno’s Partition is optimal implies that the best consumer-optimal equilibrium delivers payoffs

below the consumer-optimal segmentation of Bergemann, Brooks, and Morris (2015).
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consumer surplus is equivalent to minimizing the average price. For a monopolist to price

at the bottom of an interval [a, b] when v is uniformly distributed between a and b, it must

be that a ≥ b/2. Suppose that the consumer-optimal equilibrium involves types from

[λ, 1] forming the highest segment; by the logic of the previous sentence, λ ≥ 1/2. The

monopolist charges a price of λ to that segment, and thus, its contribution to the ex ante

expected price is (1 − λ)λ. The remaining population, [0, λ], amounts to a λ-rescaling

of the original problem, and so the consumer-optimal equilibrium after removing that

highest segment involves replicating the same segmentation on a smaller scale. Thus, the

consumer-optimal segmentation can be framed as a recursive problem where P (v̄) is the

lowest expected price generated by a partition when types are uniformly distributed on

the interval [0, v̄]:

P (1) = min
λ≥ 1

2

(1− λ)λ+ λP (λ)

= min
λ≥ 1

2

(1− λ)λ+ λ2P (1)

= min
λ≥ 1

2

(1− λ)λ

1− λ2
=

1

3
,

where the first equality follows from framing the problem recursively, the second fol-

lows from P (λ) being a re-scaled version of the original problem, and the remaining

corresponds to algebra. Because Zeno’s Partition induces the same expected price, no

alternative segmentation can generate higher consumer surplus.

3 Voluntary Disclosure to a Monopolist

3.1 Environment

The Pricing Problem. A monopolist (“he”) sells a good to a single consumer (“she”),

who demands a single unit. The consumer’s type, denoted by t, is drawn according to a

measure µ whose support is T . The type space T is a convex and compact subset of a

finite-dimensional Euclidean space, <k. Each of these k dimensions of a consumer’s type

reflect attributes that affect her valuation for the good according to v : T → <. Payoffs

are quasilinear: if the consumer purchases the good from the monopolist at price p when

her type is t, her payoff is v(t)−p and the monopolist’s payoff is p; otherwise, each player

receives a payoff of 0. We denote by F the induced CDF over valuations; in other words,

F (ṽ) ≡ µ({t ∈ T : v(t) ≤ ṽ). We denote by v and v the highest and lowest valuations in
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the support. We simplify exposition by assuming that F is continuous and F (v) = 0.16

Throughout our analysis, we assume that v(t) is non-negative for every type t ∈ T
and is quasiconvex.17 A special leading case is where each dimension of t is a consumer

characteristic (e.g. income) and v(t) is linear; in this case, v(t) =
∑k

i=1 βiti where βi is

the coefficients on characteristic i. We order types based on their valuations: we say that

t � t′ if v(t) ≥ v(t′), and we define � and ∼ equivalently. When t � t′, we refer to t as

being a higher type.

Were communication infeasible, this pricing problem has a simple solution: the mo-

nopolist sets a price p that maximizes p(1−F (p)). Let p∗ denote the (lowest) optimal price

for the monopolist. The consumer’s interim payoff is then no more than max{v(t)−p∗, 0}.

The Disclosure Game. We append a disclosure game to this pricing problem. After

observing her type, the consumer chooses a message m from the set of messages available

to her. The set of all feasible messages is MF ≡ {M ⊆ T : M is closed and convex},
and we interpret a message M in MF as meaning “My type is in the set M .” When a

consumer’s type is t, the set of messages that she can send is M(t) ⊆ MF . We focus

attention on the following two different forms of disclosure:

• the evidence structure is simple if for every t, M(t) = {T, {t}}.
• the evidence structure is rich if for every t, M(t) = {M ∈MF : t ∈M}.

In both simple and rich evidence structures, the consumer has access to hard information

about her type. We view both cases to embed empirically motivated technological re-

strictions. In a simple evidence structure, the consumer can either disclose a “certificate”

that fully reveals her type or say nothing at all. By contrast, in a rich evidence structure,

the consumer can disclose true statements about her type without being compelled to

reveal everything. The assumption that messages are convex sets is a natural but sub-

stantive restriction on the language: it implies that if types t and t′ can disclose some

common evidence, so can any intermediate type t′′ = αt+ (1− α)t′ (for α ∈ (0, 1)).

Timeline and Equilibrium Concept. First, the consumer observes her type t and

chooses a message M fromM(t). The monopolist then observes the message and chooses

a price p ≥ 0. The consumer then chooses whether to purchase the good. We study

Perfect Bayesian Equilibria (henceforth PBE) of this game. For convenience, we assume

16Equivalently, this assumes that the set µ({t ∈ T : v(t) = v′}) = 0 for every v′ in the range of v(·).
Sufficient conditions that guarantee this property are that µ is absolutely continuous with respect to the
Lebesgue measure, and v(·) is strictly monotone in each dimension.

17In other words, for every v̄, the set {t ∈ T : v(t) ≤ v̄} is a convex set.
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that a consumer always breaks her indifference in favor of purchasing the good. We say

that a PBE is efficient if trade occurs with probability 1, and is consumer-optimal if

among equilibria, it maximizes ex ante consumer welfare.

3.2 Simple Evidence Does Not Help Consumers

Here, we show that when trading with a monopolist, consumers do not benefit from

personalized pricing if the evidence structure is simple relative to a benchmark in which

personalized pricing is impossible.18 As we described above, the interim payoff of each

type t without personalized pricing is max{v(t) − p∗, 0} where p∗ is the monopolist’s

optimal price. Relative to that benchmark, we show that there are equilibria with simple

evidence that make all consumer types worse off, but no equilibrium in which any type

is strictly better off. The argument that we use here generalizes that of Section 2.

To see how consumers may be worse off, consider the full unraveling equilibrium in

which the consumer reveals her type with probability 1 and the monopolist charges a

price of v(t) when the consumer reveals that her type is t; off-path, the seller’s beliefs are

maximally skeptical in that he believes that the consumer’s type is one with the highest

valuation with probability 1. In this equilibrium, the monopolist extracts all surplus,

and so consumers are clearly worse off than without personalized pricing.

But there are also partial unraveling equilibria in which only those types below a

cutoff reveal themselves. For example, there exists an equilibrium in which all types t

where v(t) ≥ p∗ stay silent and only types below disclose; this results in payoffs for the

consumer identical to that without personalized pricing. From an interim perspective,

this is the best equilibrium for consumers.

Proposition 1. With simple evidence, across all equilibria, the consumer’s interim payoff

is bounded above by max{v(t)− p∗, 0}.

In equilibrium, the seller extracts all surplus from any consumer who reveals her type.

Each equilibrium can then be described by a price p̃ that is faced by those who do not.

Of course, only those types whose valuation exceeds p̃ choose to purchase at that price.

In equilibrium, p̃ is at least p∗; otherwise, the seller wishes to increase prices.

Thus, the consumer gains nothing, ex ante and ex interim, from the ability to disclose

her type using simple evidence. If one takes the model of simple evidence as a stylized

representation of track / do-not-track regulations, our analysis implies that this form of

consumer protection does not benefit consumers in a monopolistic environment. Instead,

18Section 4 shows that this conclusion is reversed in a competitive market.
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richer forms of verifiable disclosure are needed. We turn to constructing a segmentation

with rich evidence that increases consumer surplus, both ex ante and ex interim.

3.3 A Pareto-Improving Segmentation with Rich Evidence

To improve consumer surplus using rich evidence, we develop a segmentation that general-

izes that of Section 2. Each segment is constructed so that the monopolist’s best-response

to that segment is to sell to all consumer types in that segment. Consumers would profit

if they could deviate “downwards” to a lower segment; our construction guarantees that

this is impossible. Finally, our construction is “greedy” insofar as we start with the

highest segment and make each as large as possible without accounting for its effect on

subsequent segments.

To define the segmentation strategy, consider a sequence of prices {ps}s=0,1,2,...,S where

S ≤ ∞ where p0 = v, and for every s where ps−1 > v, ps is the (lowest) maximizer

of ps(F (ps−1) − F (ps)). If ps′ = v for some s′, then we halt the algorithm and set

S = s′; otherwise, S = ∞ and p∞ = v. We use these prices to construct sets of types,

(Ms)s=1,2,...,S ∪M∞:

Ms ≡ {t ∈ T : v(t) ≤ ps−1}.

M∞ ≡ {t ∈ T : v(t) = v}

Because v is quasiconvex and T is convex, Ms is a convex set for every s = 0, 1, 2, . . . , S,

and therefore Ms is a feasible message. These messages segment the market.

Proposition 2. With rich evidence, there exists a Pareto-improving equilibrium in which

a consumer’s reporting strategy is

M∗(t) =

Ms if ps < v(t) ≤ ps−1,

M∞ if t ∈M∞.

When receiving an equilibrium disclosure of the form Ms, the seller charges a price of ps

and sells to all types that send that message.

The segmentation described above generalizes the “Zeno Partition” constructed in

Section 2. The highest market segment are those consumer types whose valuations strictly

exceed the monopolist’s optimal posted price, p1 = p∗; these are the types who send

message M1. The next highest market segment are those whose valuations exceed the

optimal posted price, p2, for the truncated distribution that excludes the highest market
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segment; they send message M2. This iterative procedure continues either indefinitely (if

ps > v for every s) or halts once the monopolist has no incentive to exclude any type in

the truncated distribution from trading.

Notice that in this segmentation, disclosures aren’t taken at face value. Instead, the

monopolist infers from receiving a message Ms that the consumer would have preferred

to send message Ms+1 but couldn’t, and so their valuation must be in in (ps, ps−1]. Notice

also that the market segmentation is constructed so that given these beliefs about the

consumer’s valuation, the monopolist has no incentive to charge a price that excludes

any type. In fact, this constraint for the seller binds in our greedy segmentation in that

each segment is constructed so that the optimal price makes her just indifferent between

excluding types and not doing so.

This equilibrium segmentation is fully efficient—trade occurs with probability 1—and

improves consumer surplus relative to the benchmark without personalized pricing. Con-

sumer types in the highest market segment face the same price that they would without

personalized pricing, but now consumers in other market segments can also purchase at

prices that are (generically) below their willingness to pay. Thus, the segmentation is a

Pareto improvement. One feature of the segmentation that is attractive is its simplicity:

all that consumers have to disclose is information about their willingness to pay.

Finally, we note that this construction is robust to the possibility that the consumer

does not have evidence with positive probability, an issue frequently considered in the

verifiable disclosure literature (Dye, 1985; Shin, 1994). There exists an equilibrium in

this expanded game where if the consumer does not have evidence, she is charged a price

of p1 = p∗, and all those with evidence behave as above. If the consumer has evidence,

she does not gain from imitating those without evidence.

3.4 Optimal Equilibrium Segmentation

The previous section describes a disclosure strategy that is Pareto-improving and fully

efficient. In this section, we explore conditions under which this is the optimal segmen-

tation from the perspective of ex ante consumer surplus.

There are two reasons that this segmentation may not generally maximize ex ante

consumer surplus. The first is that it ignores multidimensionality: even if two types have

the same valuation, it may be optimal to separate them. The second reason that our

segmentation may not be optimal is that even in a one-dimensional world, packing types

greedily need not maximize consumer surplus. To elaborate on this second issue, we

restrict attention to a one-dimensional model. We first prove that the consumer-optimal

equilibrium necessarily features a partitional structure. We use an example to illustrate
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that the greedy partition may be suboptimal. We then prove that it is optimal for a

specific class of distribution functions.

Let the set of types T be identical to the set of values [v, v] and v(t) = t. Recall that

v ≥ 0 and that F is an atomless CDF over valuations. The restriction that M(t) is a

closed convex set that includes t implies that here, M(t) = {[a, b] ⊆ [v, v] : a ≤ t ≤ b};
in other words, the set of all closed intervals that include t.

When applied to this setting, Proposition 2 identifies an equilibrium segmentation of

the form {[0, ps]}s=0,1,2,...,S where ps is the optimal price to when the distribution F is

truncated to [0, ps−1]. Because only types in (ps+1, ps] send the message [0, ps], a payoff-

equivalent segmentation is for a type t to send the message [ps+1, ps] where ps+1 < t < ps.

This equilibrium is “partitional” in that types reveal the member of the partition to

which they belong, and thus, these messages can be taken at “face value”. We prove that

for any equilibrium, there always exists a payoff-equivalent equilibrium that is partitional

and involves the sale happening with probability 1.

Our characterization uses the following definitions. A PBE is efficient if trade occurs

with probability 1. A collection of sets P is a partition of [v, v] if P is a subset of

MF such that
⋃
m∈P m = [v, v] and for every distinct m,m′ in P , m

⋂
m′ is at most a

singleton. One message m dominates m′ (i.e. m �M m′) if for every t ∈ m and t′ ∈ m′,
t ≥ t′; arg min and arg max over a set of messages refers to this partial order. Given a

partition P , let mP(t) ≡ arg min{m∈P:t∈m}m. An equilibrium σ is partitional if there

exists a partition P such that mσ(t) = mP(t), and for every m in P , pσ(m) = mint∈m t.

Proposition 3. Given any equilibrium σ, there exists an efficient partitional equilibrium

σ̃ that is payoff-equivalent for almost every type.

The proof of Proposition 3 proceeds in two steps. First, we show that it is without

loss of generality, from the perspective of consumer surplus, to look at efficient equilibria:

for any equilibrium in which there exists a type that is not purchasing the product, there

exists an interim payoff-equivalent equilibrium in which that type fully reveals itself to

the seller. Second, we show that for any efficient equilibrium, there exists a partitional

equilibrium that is payoff-equivalent for almost every type. In this step, we show that in

any efficient equilibrium, prices must be (weakly) decreasing in valuation, and otherwise,

some type has a profitable deviation.

Thus, from the perspective of maximizing consumer surplus, it suffices to look at only

partitional equilibria. How does the greedy segmentation compare to other partitional

equilibria? The greedy partition must be ex interim Pareto efficient but need not be

ex ante optimal. From the perspective of ex interim welfare, any partition that differs

from the greedy partition must involve raising the lowest type in at least one segment,
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which increases prices for at least one type. From the perspective of ex ante welfare, we

show that it may benefit average prices to exclude some high types from a pool—making

those types pay a higher price—and pool more intermediate types with low types. We

illustrate this below, for simplicity, using a discrete type space.

Example 1. Suppose that the consumer’s type is drawn from {1/3, 2/3, 1} where Pr(t =

1) = 1/6, Pr(t = 2/3) = 1/3 + ε, and Pr(t = 1/3) = 1/2− ε, where ε > 0 is small. The

greedy construction sets the highest segment as {2/3, 1}—because the seller’s optimal

posted price here would be 2/3—and the next segment as {1/3}. This segmentation

results in an average price of ≈ 1/2. But a better segmentation for ex ante consumer

surplus involves the high type perfectly separating as {1}, and the next highest segment

being {1/3, 2/3}. This segmentation reduces the average price to 4/9.

Generally, the optimal segmentation can be formulated as the solution to a constrained

optimization problem over partitions that minimizes the average price subject to the

constraint that the monopolist finds it optimal to price at the bottom of each segment.

The greedy algorithm offers a simple program where that constraint binds in each segment

and Example 1 indicates that it may be optimal for that constraint to be slack in some

segments. Identifying necessary and sufficient conditions on distributions when such

constraints necessarily bind is challenging because it requires understanding in detail

how sharply the monopolist’s optimal price responds to truncating the distribution at

different points. This exercise is particularly difficult for distributions where we cannot

solve for the optimal price in closed-form.19

A class of distributions where it is feasible to solve for the optimal price is that

of power distributions. In this case, greedy algorithm identifies the consumer-optimal

segmentation.

Proposition 4. Suppose that [v, v] = [0, 1] and the cdf on valuations, F (v) = vk for

k > 0. Then the greedy segmentation is the consumer-optimal equilibrium segmentation.

Summary: Our analysis concludes that in a monopolistic setting, (i) the combination

of voluntary disclosure and personalized pricing does not benefit consumers if evidence is

simple (Proposition 1), but (ii) Pareto improvements for all consumer types are possible

if evidence is rich (Proposition 2). Thus, in a monopolistic setting, consumers’ control

over data benefits them when they can choose not only whether to communicate but also

what to communicate.

19Without solving for the closed-form, we can verify that the greedy algorithm is optimal if (i) F is
convex, and (ii) the optimal price on an interval [0, ṽ], denoted by p(ṽ), has a slope bounded above by
1 and is weakly concave.
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4 How Disclosure Amplifies Competition

Our analysis above identifies when and how consumers benefit from voluntary disclosure

and personalized pricing when facing a monopolist. However, in many settings, consumers

do not interact with only one seller but instead face a competitive market in which firms

are differentiated. An important characteristic of each consumer then is her location, i.e.,

her tastes for the products made by each firm. In this section, we study the degree to

which voluntary disclosure and personalized pricing benefits a consumer in a model of

Bertrand duopoly with horizontally differentiated products.

Our analysis identifies a new strategic force absent in a monopolistic market: a con-

sumer can use voluntary disclosure to amplify competition between firms. This force is

sufficiently strong that all consumer types benefit from personalized pricing even with

simple evidence. Richer evidence generates even stronger gains, where we can use an algo-

rithm analogous to that of Proposition 2 to construct equilibria. Our analysis formalizes

the intuition, articulated by Lars Stole (quoted in Wallheimer 2018), that targeting and

personalized pricing benefit consumers in competitive markets:

“A competitor can quickly undercut a targeted price. Once you start doing

this, you’ll have companies in different markets matching those prices. You

don’t have much market power.”

We proceed as follows. Section 4.1 describes the market setting that we study. Sec-

tion 4.2 constructs equilibrium segmentations with simple and rich evidence. Section 4.3

compares the consumer’s payoffs in those settings with those of a benchmark setting in

which there is no personalized pricing.

4.1 Environment

Two firms, L and R, compete to sell to a single consumer who has unit demand. The

type of the consumer is her location, denoted by t, which is drawn according to measure

µ (and cdf F ) with the support T . We assume that T ≡ [−1, 1] and that F is atomless

with a strictly positive and continuous density f on its support. The firms L and R are

located at the two end points, respectively −1 and 1, and each firm i sets a price pi ≥ 0.

The consumer has a value V for buying the good that is independent of her type t, and

when purchasing from firm j, she faces a “transportation cost” that is proportional to

the distance between her location and that of the firm’s, `j.
20 Thus, her payoff from

20Linear transportation costs simplify algebra, but our results do not hinge on it. Identical results
emerge for quadratic distance costs.
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buying the good from firm j at a price of pj is V − |t − `j| − pj. As is standard, we

assume that V is sufficiently large that in the equilibria we study below, all types of the

consumer purchase the good and no type is excluded from the market.21

Disclosure with Duopoly. After observing her type, the consumer chooses a message

M that is feasible and available for her to send to each of the firms. As before, the set of

feasible messages isMF ≡ {[a, b] : −1 ≤ a ≤ b ≤ 1} where a message [a, b] is interpreted

as “my type is in the interval [a, b].” When a consumer’s type is t, the set of messages

that she can send is M(t) ⊆MF . We study two disclosure technologies:

• simple evidence messages for each type t, M(t) = {[−1, 1], {t}}.
• rich evidence messages for each type t, M(t) = {[a, b] : a ≤ t ≤ b}.

Each evidence technology is identical to its counterpart in the monopolistic model

when the type space is unidimensional. The novelty here is that the consumer now sends

two messages—ML to firm L and MR to firm R—and each message is privately observed

by its recipient. Both messages come from the same technology but are otherwise unre-

stricted. For example, a consumer of type t can reveal her type by sending the message

{t} to one firm while concealing it from the other firm using the message [−1, 1].

Timeline and Equilibrium Concept. The consumer first observes her type t and

then chooses a pair of messages (ML,MR), each from M(t). 22 Each firm i privately

observe its message Mi and sets price pi ≥ 0; price-setting is simultaneous. The consumer

then chooses which firm to purchase the good from, if any.

We study Perfect Bayesian Equilibria of this game. As is well-known (Osborne and

Pitchik, 1987; Caplin and Nalebuff, 1991), the price-setting game in Bertrand compe-

tition with horizontal differentiation may lack a pure-strategy equilibrium for general

distributions. By contrast, we show constructively that pure-strategy equilibria always

exist when this market setting is augmented with a disclosure game.

4.2 Constructing Equilibria with Simple and Rich Evidence

This section constructs equilibria of the disclosure game with simple and rich disclosure

technologies for any distribution of consumer types. In both cases, we use the following

21See Osborne and Pitchik (1987), Caplin and Nalebuff (1991), Bester (1992), and Peitz (1997). For
most of our analysis, it suffices for V ≥ 2, so that a consumer is always willing to purchase the good
from the most distant firm if that distant firm sets a price of 0.

22Our analysis is also compatible with a setting where all that a consumer observes is a signal with her
posterior expected location, as in Armstrong and Zhou (2019), and chooses whether and how to disclose
that expected location using simple or rich evidence.
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strategic logic. Each consumer reveals her type to the seller that is more distant from

her that she is “out of reach.” This distant seller then competes heavily for her business

by setting a low price, which in equilibrium equals 0. The seller who does not obtain a

fully revealing message infers that the consumer is closer to his location. Based on that

inference, this seller sets a profit-maximizing price subject to the consumer having the

option to buy from the other seller at a price of 0. Our analysis here uses the assumption

that V ≥ 2, which implies that the consumer weakly prefers purchasing the good from

the distant firm at a price of 0 to not purchasing it at all.

We begin our analysis by constructing an unraveling equilibrium in both simple and

rich evidence environments, and then seeing how one can improve upon it using simple

and rich evidence.

Proposition 5. There exists a fully revealing equilibrium in both simple and rich evidence

games: every type of consumer t sends the message {t} to each firm, and purchases from

the firm nearer to her at a price of 2|t|.

The logic of Proposition 5 is straightforward. Once the consumer reveals her location

to each firm, there cannot be an equilibrium in which both firms charge her strictly

positive prices. Standard Bertrand logic implies that the more distant firm must charge

her a price of 0. In equilibrium, the closer firm charges her the highest price it can subject

to the constraint that the consumer is willing to purchase from the closer firm at that

price. If the consumer deviates by sending a message M that isn’t a singleton to seller i,

then seller i believes that the consumer’s type is the one in M closest to `i and that the

consumer has revealed her location to seller j. This equilibrium, thus, is analogous to

an unraveling equilibrium in which each seller holds skeptical beliefs that the consumer

is as close as possible (given the message that is sent).

This unraveling equilibrium serves central types very well because they benefit from

intense price competition. However, extreme types suffer from the firm closer to them

being able to charge a high price. Ideally, types that are located close to firm i may

benefit from pooling with types more distant from firm i. The next result uses simple

evidence to construct a partial pooling equilibrium that improves upon the unraveling

equilibrium for a strictly positive measure of types without making any type worse off.

Our construction uses the following notation. Let pi1 be the lowest maximizer of

p`i(F (`i) − F (p`i/2)), and let ti1 ≡ pi1`i/2. To provide some intuition, pi1 is the (lowest)

optimal price that firm i charges if he has no information about the consumer’s type and

firm j charges a price of 0; in other words, this is firm i’s optimal local monopoly price

against an outside-option where firm j charges a price of 0. At those prices, firm i expects

a probability of trade `i(F (`i) − F (p`i/2)) and ti1 is the most distant type from firm i
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that still purchases from firm i. It is necessarily the case that −1 < tL1 < 0 < tR1 < 1.

We use these types to specify our equilibrium.

Proposition 6. With simple evidence, there exists a partially pooling equilibrium in

which the consumer’s reporting strategy is

(
M∗

L(t),M∗
R(t)

)
=


(
[−1, 1], {t}

)
if − 1 ≤ t ≤ tL1 ,(

{t}, {t}
)

if tL1 < t < tR1 ,(
{t}, [−1, 1]

)
if tR1 ≤ t ≤ 1,

and the prices charged by firm i are

p∗i (M) =

max{2t`i, 0} if M = {t},

pi1 otherwise.

In equilibrium, every consumer type purchases from the seller nearer to her.

Here is the idea of Proposition 6. If the consumer is centrally located—i.e., in

(t1L, t
1
R)—she disclose her type (“track”) to both firms. These consumers then benefit

from intense price competition, exactly as in the fully revealing equilibrium of Propo-

sition 5. If the consumer is not centrally located, she reveals her location to the firm

farther from her but not to the one nearer to her. This private messaging strategy guar-

antees that the farther firm prices at zero and offers an attractive outside option. The

firm that receives an uninformative (“don’t track”) message infers that the consumer

is located sufficiently close but is unsure of exactly where. That firm then chooses an

optimal local monopoly price given the outside-option price of zero. This pool of extreme

types improves consumer welfare by guaranteeing that extreme consumer types can pool

with some of those that are less extreme and thereby decreases type-contingent prices

relative to the unraveling equilibrium.23 We depict this disclosure strategy in Figure 3.

One can do even better with rich evidence by using a segmentation that is analogous

to the “Zeno Partition” constructed in the monopolistic market. In this case, the central

type, t = 0, obtains equilibrium prices of 0 by each firm, and plays a role similar to

the lowest type in the monopolistic setting. Accordingly, one sees a segmentation that

goes from the extremes to the center, and becoming arbitrarily fine as one approaches

the center. To develop notation for this argument, let us define a sequence of types

{(tis}s=0,1,2,... and prices and messages {pis,M i
s}s=1,2,... where for every firm i in {L,R}:

23When types are uniformly distributed, this equilibrium has a particularly intuitive form. The cutoff
types in this case are symmetrically t1L = −1/2 and t1R = 1/2. Consequently, types t ∈ [−1,−1/2] and
t ∈ [1/2, 1] purchase the good at a price of 1, rather than 2|t|.
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0 tR1tL1−1 1

L R([−1, 1], {t}) ({t}, [−1, 1])({t}, {t})

Consumer reveals location to both firmsReveals to only R Reveals to only L

Figure 3: The figure shows disclosure strategies for every type. Centrally located types fully reveal location
to both firms. Extreme types reveal location only to the distant firm and conceal it from the closer firm

• ti0 = `i and for every s > 0, tis = pis`i/2.

• pis is the lowest maximizer of p`i(F (tis−1)− F (p`i/2)).

• M i
s ≡ {t ∈ [−1, 1] : tis`i ≤ t`i ≤ tis−1`i}.

Let pi∞ = 0 and let M i
∞ = {0}. We have thus defined a sequences of cutoffs, prices, and

messages where at every stage, we are constructing segments greedily so that given a seg-

ment M i
s, firm i is charging the price that is the optimal local monopoly price (assuming

that the other firm charges a price of 0), and at this price, firm i is servicing all consumer

types in M i
s. Because rich evidence allows consumers to disclose intervals directly, our

disclosure strategy need not be asymmetric (unlike our analysis of the segmentation with

simple evidence): the consumer of type t can send the message M i
s that contains t to

both firms. We use this notation to prove our result below.

Proposition 7. With rich evidence, there exists a segmentation equilibrium in which a

consumer’s reporting strategy is to send message M∗(t) to both firms where

M∗(t) =

M i
s if tis`i < t`i ≤ tis−1`i

M i
∞ if t = 0.

When receiving an equilibrium disclosure of the form M i
s, firm i charges a price of pis and

firm j charges a price of 0.

This equilibrium construction highlights the versatility of rich evidence disclosure.

While the competitive environment differs from the monopolistic setting in many ways,

the logic of the “Zeno Partition” strategy follows in much the same way. Consumers with

the highest willingness to pay for the good from firm i are segmented together and send

messages M i
1. That message induces a price of 0 by firm j and given that outside option,

firm i charges a price that makes indifferent the consumer type in M i
1 with the lowest

willingness to pay for firm i’s product. Prices diminish as we get closer to the center.

As such, the segmentation follows iteratively from both sides of 0 exactly as in “Zeno.”24

We depict this segmentation strategy in Figure 4.

24For the uniform distribution, the construction mirrors that in Section 2 where tis = `i(1/2)s.
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0tL1 tL2 tL3 tR1tR2tR3−1 1

L RML
1 MR

1ML
2 ML

3 MR
2MR

3

Figure 4: The figure shows a segmentation using rich evidence. The types in (tL3 , t
R
3 ) are partitioned into

countably infinitely many segments, and hence these segments are omitted.

4.3 Benefits of Personalized Pricing in Competitive Markets

Here, we compare the equilibria with simple and rich evidence (constructed respectively

in Propositions 6 and 7) with the benchmark in which there is no personalized pricing.

This benchmark is identical to the standard model of Bertrand pricing with horizon-

tal differentiation: each firm i sets a price pi and the consumer buys from one of the

firms. Unfortunately, that benchmark model may lack a pure-strategy equilibrium in

these pricing choices, and characterizing the mixed strategy equilibria of this game is

infeasible. Accordingly, we follow the conventional practice of imposing standard distri-

butional assumptions—symmetry and log-concavity—that guarantee both the existence

and uniqueness of a symmetric pure strategy equilibrium (Caplin and Nalebuff, 1991).

We show then that this equilibrium is dominated by those constructed above with simple

and rich evidence. Under stronger distributional conditions, we show that even a fully

revealing unraveling equilibrium makes the consumer better off than her payoff without

personalized pricing.

For the analysis below, we assume that f is symmetric around 0 and is strictly log-

concave. These assumptions are compatible with a range of distributions, including

uniform and Beta distributions (see Bagnoli and Bergstrom 2005). Our results use log-

concavity both for existence and for comparative statics; in particular, we use that a

log-concave density has a strictly log-concave CDF, and therefore, F (t)/f(t) is strictly

increasing in t.

Given this assumption, a symmetric pure-strategy equilibrium in the benchmark set-

ting exists and involves each firm charging a price of p∗ where

p∗ ≡ arg max
p
pF

(
p∗ − p

2

)
=

2F (0)

f(0)
,

where the first equality follows from firm L’s profit maximization problem, and the second

comes from solving its first-order condition and substituting p = p∗.25 Our main welfare

comparison result compares this price to those of the equilibria constructed with simple

and rich evidence in Section 4.2.

25As before, we assume that V is sufficiently high that all consumers purchase at these prices. It
suffices that V > 2F (0)/f(0) + 1.
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Figure 5: The figure shows, when F is uniformly distributed, the interim equilibrium cost for each type
in the benchmark setting without personalized pricing and in the equilibrium constructed in the simple
evidence game in Proposition 6. The dashed line represents the equilibrium cost paid by types in the fully
revealing equilibrium.

Proposition 8. If f is symmetric around 0 and log-concave, then the following are true:

a) Every type has a strictly higher payoff in the equilibria of the simple and rich ev-

idence games constructed in Propositions 6 and 7 than in the benchmark setting

without personalized pricing.

b) If f(0) ≤ 1
2
, then the fully revealing unraveling equilibrium constructed in Propo-

sition 5 also improves almost every type’s payoff relative to the benchmark setting

without personalized pricing.

The logic of Proposition 8 is that the price in the benchmark setting (p∗) is strictly

higher than pi1, the price charged by firm i to a consumer who conceals her type from firm

i in the equilibrium of the simple evidence game (Proposition 6). The consumer must

then be better off because this price (pi1) is strictly higher than all other equilibrium path

prices both in this equilibrium and in that of the equilibrium we construct in the rich

evidence game. Furthermore, when f(0) ≤ 1/2, then p∗ ≥ 2, which is more than how

much any type pays in the unraveling equilibrium.

We depict these welfare calculations in Figure 5 for the uniform distribution. We look

at the equilibrium cost incurred by each type in the setting without personalized pricing

and that with simple evidence. Voluntary disclosure and personalized pricing generates

substantial gains, reducing the expected equilibrium cost by 50% with simple evidence.

24



5 Conclusion

As the digital economy matures, policymakers and industry leaders alike are working

to establish norms and regulations to govern data ownership and transmission. In light

of the privacy and distributional concerns that this issue raises, we set out to study

the question: do consumers benefit from personalized pricing when they have control

over their data? We frame and answer this question using the language of voluntary

disclosure, building on a rich theoretical literature on evidence and hard information.

Our initial instinct was that voluntary disclosure would not help. As the market

draws inferences based on information that is not disclosed, giving consumers the ability

to separate themselves would seem to be self-defeating. To put it differently, if the market

necessarily unravels as in Grossman (1981) and Milgrom (1981), consumers retain no

surplus and may be worse off with personalized pricing. We show that this conclusion is

incorrect because it omits two important strategic forces present in market interactions.

First, one can construct pools in both monopolistic and competitive settings in which

the consumer lacks an incentive to separate herself from the pool. These pools are

simple, do not require commitment, and depend only on the willingness-to-pay rather

than on intricate details of the type space. Second, when facing multiple firms, voluntary

disclosure and personalized pricing amplify competitive forces. By revealing features of

one’s preferences to the market, the consumer obtains a more competitive price from

a less competitive firm and forces the more competitive firm to also lower her price.

Thus, our conclusion is that offering consumers control over their data—and giving them

tools to coordinate their sharing of data—may make personalized pricing attractive and

improve consumer welfare.
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A Appendix

Proof of Proposition 1 on p. 13. Consider an equilibrium. Let T̃ be the set of types that

in equilibrium send the non-disclosure message, T . Thus, every type in T\T̃ sends a

message that fully reveals itself. Sequential rationality demands that the monopolist

charges a price of v(t) to every such type, leading to an interim payoff of 0. We prove

below that the non-disclosure message must induce a price that is no less than p∗.

Suppose towards a contradiction that it leads to a price p̃ that is strictly less than p∗.

In equilibrium, if v(t) > p̃, the consumer must be sending the non-disclosure message T

(because sending the message {t} leads to a payoff of 0). Therefore, in equilibrium,

T̃ ⊇ {t ∈ T : v(t) > p̃} ⊇ {t ∈ T : v(t) ≥ p∗}.

By charging a price of p̃, the firm’s payoff is

p̃µ({t ∈ T̃ : v(t) ≥ p̃}) ≤ p̃µ({t ∈ T : v(t) ≥ p̃})

< p∗µ({t ∈ T : v(t) ≥ p∗})

= p∗µ({t ∈ T̃ : v(t) ≥ p∗}),
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where the weak inequality follows from T̃ ⊆ T , the strict inequality follows from p∗ being

the (lowest) optimal price, and the equality follows from {t ∈ T : v(t) ≥ p∗} ⊆ T̃ .

Therefore, the monopolist gains from profitably deviating from charging p̃ to a price of

p∗ when facing the non-disclosure measure, thereby rendering a contradiction. �

Proof of Proposition 2 on p. 14. We augment the description of the strategy-profile with

the off-path belief system where when the seller receives an off-path message M /∈
(∪s=1,...,SMs) ∪M∞, she puts probability 1 on a type in M with the highest valuation

(i.e. a type in arg maxt∈M v(t)), and charges a price equal to that valuation.

Observe that the seller has no incentive to deviate from this strategy-profile because

for each (on- or off-path) message, the price that he is prescribed to charge in equilibrium

is her optimal price given the beliefs that are induced by that message.

We consider whether the consumer has a strictly profitable deviation. Let us consider

on-path messages first. Consider a consumer type t that is prescribed to send message

Ms where ps < v(t) ≤ ps−1. Sending any message of the form Ms′ where s′ < s results

in a higher price and therefore is not a profitable deviation. All messages of the form

Ms′ where s′ > s are infeasible because t /∈ Ms′ for any s′ > s. Finally, if the type

t is such that she is prescribed to send message M∞, her equilibrium payoff is 0, and

sending any other message results in a weakly higher price. Thus, the consumer has no

profitable deviation to any other on-path message. There is also no profitable deviation

to any off-path message: because for any set M that contains t, v(t) ≤ maxt′∈M v(t′),

any off-path message is guaranteed to result in a payoff of 0. �

Proof of Proposition 3 on p. 16. Consider an equilibrium σ. Let mσ(t) denote the mes-

sage reported by type t, let F σ
m ∈ ∆[0, 1] denote the firm’s belief when receiving message

m and tσ(m) be the lowest type in the support of that belief, and let pσ(m) be the sequen-

tially rational price that he charges. In any equilibrium, pσ(m) ≥ tσ(m), because other-

wise the firm has a profitable deviation. We say that a message is an equilibrium-path

message if there exists at least one type that sends it, and a price is an equilibrium-path

price if there exists at least one equilibrium-path message that induces the firm to charge

that price.

Lemma 1 (Efficiency Lemma). For any equilibrium σ, there exists an equilibrium that

is efficient that results in the same payoff for every consumer type.
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Proof. Consider an equilibrium σ. Define a strategy profile σ̃ in which

mσ̃(t) =

mσ(t) if v(t) ≥ pσ(mσ(t)),

{t} otherwise,

pσ̃(m) = pσ(m).

In this disclosure strategy profile, a consumer-type that doesn’t buy in equilibrium σ is

fully revealing herself in σ̃. Because σ is an equilibrium, and the pricing strategy remains

unchanged, such a type purchases in σ̃ at price v, and thus, efficiency is guaranteed

without a change in payoffs.

We argue that σ̃ is an equilibrium. Note that because σ is an equilibrium, and we

have not changed the price for any message, no consumer-type has a motive to deviate.

We also argue that the monopolist has no incentive to change prices. Because pσ(m) is

an optimal price for the firm to charge in the equilibrium σ when receiving message m,

pσ(m)(1− F σ
m(pσ(m))) ≥ p(1− F σ

m(p)) for every p. (1)

After receiving message m in σ̃, the monopolist’s payoff from setting a price of pσ̃(m) is

pσ̃(m) = pσ(m) (because that price is accepted for sure), and the payoff from setting a

higher price is p(1− F σ̃
m(p)). But observe that by Baye’s Rule, for every p ≥ pσ̃(m),

1− F σ̃
m(p) =

1− F σ
m(p)

1− F σ
m(pσ(m))

.

Thus (1) implies that pσ̃(m) ≥ p(1 − F σ̃
m(p)) for every p > pσ̃(m), and clearly the

monopolist has no incentive to reduce prices below pσ̃(m). Therefore, the monopolist has

no motive to deviate.

Lemma 2 (Partitional Lemma). For every efficient equilibrium σ, there exists a parti-

tional equilibrium σ̃ that results in the same payoff for almost every type.

Proof. In an efficient equilibrium σ, trade occurs with probability 1. Therefore, for every

equilibrium-path message, m, the price charged by the monopolist after that message,

pσ(m), must be no more than the lowest type in the support of his beliefs after receiving

message m, tσ(m) (recall that v(t) = t). Sequential rationality of the monopolist demands

that pσ(m) is at least tσ(m) (because charging strictly below can always be improved),

and therefore, in an efficient equilibrium, pσ(m) = tσ(m).

Step 1: We first prove that the set of types being charged an equilibrium-path price
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p is a connected set. Suppose that types t and t′′ > t are sending (possibly distinct)

equilibrium-path messages m and m′′ such that pσ(m) = pσ(m′′). Because pσ(m) = tσ(m)

and pσ(m′′) = tσ(m′′), it follows that tσ(m) = vσ(m′′) < v < v′′. Because types arbitrarily

close to tσ(m′′) and v′′ are both sending the message m′′, the message m′′ contains the

interval [tσ(m′′), t′′].

Consider any type t′ in [t, t′′]: because [t, t′′] ⊆ [tσ(m′′), v′′] ⊆ m′′, it follows that m′′

is a feasible message for type t′. Therefore, denoting m′ as the equilibrium-path message

of type t′, type t′ does not have a profitable deviation to sending message m′′ only if

pσ(m′) ≤ pσ(m).

We argue that this weak inequality holds as an equality. Suppose towards a con-

tradiction that pσ(m′) < pσ(m). Then it follows from pσ(m′) = tσ(m′) that tσ(m′) <

tσ(m) ≤ t ≤ t′. Therefore, the interval [tσ(m′), t′] is both a subset of m′ and contains

t, and hence, m′ is a feasible message for type t. But then, type t has an incentive to

deviate from her equilibrium-path message m to m′, which is a contradiction.

Step 2: For every equilibrium-path price p, let

Mσ(p) ≡ {m ∈M : pσ(m) = p and m is an equilibrium-path message},

T σ(p) ≡ {t : pσ(mσ(t)) = p}.

Observe that for every message m in Mσ(p), the monopolist’s optimal price is p. Because

the monopolist’s payoff from charging any price is linear in his beliefs, and the belief

induced by knowing that the type is in T σ(p) is a convex combination of beliefs in the

set
⋃
m∈Mσ(p){F σ(m)}, it follows that the monopolist’s optimal price remains p when all

he knows is that the type is in T σ(p).

Now consider the collection of sets

Pσ ≡ {m ∈M : m = cl(T σ(p)) for some equilibrium-path price p},

where cl(·) is the closure of a set. We argue that Pσ is a partition of [0, 1]: clearly,

[0, 1] ⊆
⋃
m∈Pσ m, and because each of T σ(p) and V σ(p′) are connected for equilibrium-

path prices p and p′, cl(T σ(p))
⋂
cl(V σ(p′)) is at most a singleton.

Consider a strategy-profile σ̃ where each type t sends the message mP
σ
(t). Fix such a

message m generated by σ̃; there exists a price p that is on the equilibrium path (in the

equilibrium σ) such that m = cl(T σ(p)). Because the prior is atomless, the monopolist’s

optimal price when receiving message m in σ̃ is equivalent to setting the optimal price

when knowing that the type is in T σ(p), which as established above, is p. If any other

message m = [a, b] is reported, the monopolist believes that the consumer’s type is b with
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probability 1.

We argue that this is an equilibrium. We first consider deviations to other messages

that are equilibrium-path for σ̃. For any type t such that there exists a unique element

in Pσ that contains t, there exists no other feasible message that is an equilibrium-path

message for σ̃. For any other type t, the strategy of sending the message mP
σ
(t) ensures

that type t is sending the equilibrium-path message that induces the lower price. Finally,

no type gains from sending an off-path message. Observe that all but a measure-0 set of

types are charged the same price in σ̃ as they are in σ. �

Proof of Proposition 4 on p. 17. Since all partitional equilibria involve trade with prob-

ability 1, a partitional equilibrium σ has higher ex ante consumer welfare than the par-

titional equilibrium σ̃ if the average price in σ is lower than that in σ̃:∫ 1

0

pσ(mσ(t))dt ≤
∫ 1

0

pσ̃(mσ̃(t))dt.

Thus, it suffices to prove that the greedy segmentation attains the lowest average price

attainable by any partitional equilibrium.

We first describe the greedy segmentation. For a truncation of valuations [0, v] where

v ≤ 1, let p(v) solve pf(p) = F (v)−F (p), which implies that p(v) = v
k√
k+1

; let us denote

the denominator of p(v) by γ, and note that γ > 1. The greedy segmentation divides the

[0, 1] interval into sets of the form {0}
⋃∞
`=0 S` where S` ≡

[
1

γ`+1 ,
1
γ`

]
.

We prove that no partitional equilibrium generates a lower average price on the seg-

ment S` than 1
γ`+1 . Consider an arbitrary ` ≥ 0. The only possibility for generating a

lower average price for S` is segmenting into two segments
[

1
γ`+1 , ṽ

]
and

(
ṽ, 1

γ`

]
for some

ṽ ∈
(

1
γ`+1 ,

1
γ`

)
. The higher segment is charged ṽ. The lowest possible price that the lower

segment is charged is ṽ
γ
, which is achieved if all types in

[
ṽ
γ
, ṽ
]

send the same message.

The resulting average price in the segment S` is

P̄ (ṽ) ≡(F (ṽ)− F (1/γ`+1))
ṽ

γ
+ (F (1/γ`)− F (ṽ))ṽ

=(ṽk − γ−k(`+1))
ṽ

γ
+ (γ−k` − ṽk)ṽ

where the first equality substitutes F (v) = vk. Taking derivatives,

d2P̄

dṽ2
= (k + 1)kṽk−1

(
1

γ
− 1

)
< 0
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where the inequality follows from γ > 1. Therefore, P̄ is concave in ṽ. The boundary

condition that P̄ (γ−`) = P̄ (γ−(`+1)) = γ−(`+1) coupled with concavity of P̄ implies that

P̄ (ṽ) ≥ γ−(`+1) for every ṽ ∈
(

1
γ`+1 ,

1
γ`

)
. Therefore, no partitional equilibrium generates

a lower average price than γ−(`+1) for the set of types in S`.

Because the greedy segmentation attains this lowerbound pointwise on every interval

S` for every `, it is the consumer-optimal partitional equilibrium. �

Proof of Proposition 5 on p. 20. Given a message M , let τ(i,M) ≡ arg mint∈M |t − `i|
denote the closest type in M to seller i; this type is well-defined because M is closed.

Let δt denote the degenerate probability distribution that places probability 1 on type t.

We use this notation to construct a fully revealing equilibrium:

• The consumer of type t always sends message {t}.
• If seller i receives message M , his beliefs are δτ(i,M) and that the other seller has

received a fully revealing message.

• If seller i holds belief δτ(i,M), he charges a price pi(M) = max{2t`i, 0}.
• If V − pi − |t− `i| > V − pj − |t− `j| and V − pi − |t− `i| ≥ 0, then the consumer

purchases from firm i.

• If V − pL − |t− `L| = V − pR − |t− `R| ≥ 0, the consumer purchases from firm L

if and only if t ≤ 0, and otherwise, the consumer purchases from firm R.

We argue that this is an equilibrium. Observe that each seller’s on-path beliefs are

consistent with Bayes rule, since t = τ(i, {t}). In the case of an off-path message M ,

Bayes rule does not restrict the set of possible beliefs, and therefore, the above off-path

belief assessment is feasible.

To see that each firm does not wish to deviate from charging the above prices, suppose

that firm i receives message M . He believes with probability 1 (on or off-path) that the

consumer’s type is τ(i,M) with probability 1 and that the other firm j has received a

message {τ(i,M)}. Denote this type by t. If 2t`i > 0 then the consumer is closer in

location to firm i and therefore 2t`j < 0. In this case, firm i believes that firm j is charging

a price of 0. Charging a price strictly higher than 2t`i leads to a payoff of 0 (because

the consumer will reject such an offer and purchase instead from the other firm), and

charging a price p weakly below 2t`i leads to a payoff of p (because the consumer always

breaks ties in favor of the closer firm). Therefore, firm i has no incentive to deviate. If

2t`i ≤ 0, then the consumer is located closer to the other firm j and is being charged a

price equal to 2t`j. In this case, charging any strictly positive price leads to a payoff of 0

(because the consumer will purchase the good from the other firm). Therefore, in either

case, firm i has no incentive to deviate.
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Finally, we argue that the consumer has no incentive to deviate. By sending a fully

revealing message, {t}, the consumer obtains an equilibrium payoff of V − (|t| + 1). If

t ≤ 0, the consumer obtains a price of 0 from firm R, which is the lowest possible price.

Therefore, there is no incentive to send any other message to firm R. Sending any other

message M ∈ M(t) to firm L induces a weakly higher price because for any feasible

message M ∈M(t), τ(L,M) ≤ t, and therefore, 2τ(L,M)`L ≥ 2t`L. Thus, the consumer

has no strictly profitable deviation from sending any other message M ∈ M(t) to firm

L. An analogous argument implies that if the consumer’s type is t > 0, she also does not

gain from deviating to any other feasible disclosure strategy.

�

Proof of Proposition 6 on p. 21. We first show given the pricing strategies that the con-

sumer has no incentive to deviate.

Consider a consumer type t such that t ∈ (tL1 , t
R
1 ), or in other words, t`i < ti1`i.

The equilibrium strategies are that the consumer sends the message {t} to each firm.

Given these equilibrium strategies, the consumer is quoted a price of max{2t`i, 0} by

firm i. If the consumer deviates and sends message [−1, 1] to firm i, she induces a price

of pi1 = 2ti1`i, which is strictly higher. Therefore, this deviation is not strictly profitable.

Now suppose that t`i ≥ ti1`i. The equilibrium strategies are that the consumer sends

message [−1, 1] to firm i and {t} to firm j. Because the consumer, in equilibrium, is

quoted a price of 0 by firm j, sending the other message cannot lower that price. Given

the equilibrium message, the consumer is quoted a price of 2ti1`i by firm i, and deviating

leads to a weakly higher price of 2t`i. Therefore, this deviation is not strictly profitable.

We now consider whether firm i has an incentive to deviate. It follows from the proof

of Proposition 5 that the prices are optimal whenever firm i receives an (equilibrium-

path) message of {t} for t ∈ (tL1 , t
R
1 ). An identical argument applies when firm i receives

an (off-path) message of {t} for t`i ≥ ti1`i: in this case, firm i believes that firm j is

charging a price of 0, and thus, the optimal price is 2t`i (because the consumer always

breaks ties in favor of firm i). When firm i receives an (equilibrium-path) message of

{t} for t`j ≥ tj1`j, firm i believes that firm j is charging a price of 2tj1. The equilibrium

prescribes that firm i charges a price of 0, which leads to a payoff of 0 (because the

consumer breaks ties in favor of firm j), and any strictly positive price also leads to a

payoff of 0. Finally, consider the case when firm i receives an (equilibrium-path) message

of [−1, 1]. Firm i infers that t`i ≥ ti1`i and believes that firm j is charging a price of 0.

Because pi1 is, by definition, a profit-maximizing price in response to a price of 0, firm i

has no strictly profitable deviation. �
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Proof of Proposition 7 on p. 22. We use an off-path belief system where if firm i receives

an off-path message M , she holds degenerate beliefs δτ(i,M) that put probability 1 on type

τ(i,M) where recall that τ(i,M) is defined as the type in M that is located closest to

firm i (this was defined in the proof of Proposition 5). Given such beliefs, the firm charges

a price pi(M) = max{2τ(i,M)`i, 0} for an off-path message M .

First, we prove that given the pricing strategies, no consumer has an incentive to

deviate. Consider a consumer type t such that tis`i < t`i ≤ tis−1`i for some s = 1, 2, . . ..

Such a consumer should be sending message M i
s to both firms. Such a message induces

a price of 0 from firm j and pis = 2tis`i from firm i. No message can induce a lower price

from firm j. Therefore, any strictly profitable deviation must induce a strictly lower price

from firm i. We show that this is not possible.

We first argue that the consumer does not have a profitable deviation to any other

equilibrium-path message. Suppose that t`i < tis−1`i. In this case, M i
s is the only

equilibrium-path message that type t can send to firm i. If t`i = tis−1`i, then type t can

send either message M i
s or M i

s−1 but because pis ≤ pis−1, this is not a strictly profitable

deviation.

We now argue that the consumer does not have a profitable deviation to any off-path

message. Any feasible message M ∈ M(t) satisfies the property that the closest type in

M to firm i is at least as close as t to firm i; or formally: t`i ≤ τ(i,M)`i. In that case,

the price that the consumer is charged is 2τ(i,M)`i ≥ 2t`i > 2tis`i = pis. Therefore, this

deviation is not strictly profitable.

Finally, we argue that the firms have no incentive to deviate in their pricing strategies.

For any equilibrium-path message, the prices charged by firms are (by construction) equi-

librium prices. For any off-path message M , each firm assumes that the consumer sent

the equilibrium-path message to the other firm. If τ(i,M)`i > 0 then firm i assumes that

firm j is charging a price of 0, and then charging a price of 2τ(i,M)`i is a best-response

(assuming that the consumer breaks ties in favor of the closer firm). If τ(i,M)`i ≤ 0,

then firm i believes that the consumer is being charged a price pjs by firm j for some s

where tis`i < τ(i,M)`i ≤ tis−1`i. Because the consumer breaks ties in favor of the closer

firm, firm i anticipates that the consumer will reject any strictly positive price. �

Proof of Proposition 8 on p. 24. We begin by proving a). We show that p∗ > pi1 for

every i. Observe that

pL1 =
2F (−pL1 /2)

f(−pL1 /2)
<

2F (0)

f(0)
= p∗

where the first equality follows from the first-order condition that pL1 solves, the inequal-
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ity follows from F being strictly log-concave, and the second equality follows from the

definition of p∗. A symmetric argument shows that pR1 < p∗.

Now we prove that all consumers are better off in the equilibrium we construct in the

game with simple evidence (Proposition 6). All types where t`i ≥ ti1`i are buying the

good at a lower price because pi1 < p∗. Consider any other type, i.e., where t`i < ti1`i for

every i ∈ {L,R}. Suppose that t`i > 0. That type in equilibrium buys the good from

firm i at the price 2t`i < 2ti1`i, which equals pi1. Therefore, it obtains the good at a lower

price than p∗. Finally, if t = 0, that type obtains the good at a price equal to 0.

An analogous argument ranks prices relative to the equilibrium constructed in the

game with rich evidence (Proposition 7). All types in that equilibrium pay a price that

is less than pi1, and therefore, buy the good at a price lower than p∗.

Finally, we prove b). Observe that in the unraveling equilibrium, the highest price

paid by any type is 2 (for t ∈ {−1, 1}), which is weakly less than p∗ if f(0) ≤ 1/2. �
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